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Abstract: In this paper we present new examples of homogeneous 2-nondegenerate CR- 
manifolds of dimension 5 and give, up to local CR-equivalence, a full classification of all 
CR-manifolds of this type. 
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1. Introduction 

The main topic of this paper is the study of real-analytic CR-manifolds M with everywhere de- 
generate Levi form. In particular, for homogeneous manifolds of this type, we develop methods for the 
computation of the Lie algebra shol(M, a) of infinitesimal CR-transformations at every a € M. We also 
classify up to local CR-equivalence all locally homogeneous degenerate CR-manifolds in dimension 5. 

In this context, a well studied example of a homogeneous Levi degenerate CR-manifold is the 
quadratic hypersurface 

M := {z G C 3 : (Rezi) 2 + (Rez 2 ) 2 - (Rez 3 ) 2 , Rez 3 > 0} , 

compare e.g. [16], [19], [26] and [33]. This 5-dimensional CR-manifold has several remarkable properties 
and serves as motivation for various considerations in this paper. Notice that A4 can also be written as 
tube manifold 

M-T + iR 3 C C 3 , where T := {x e R 3 : x\ + x\ = xj, x 3 > 0} 
2000 Mathematics Subject Classification: 32M17, 32M25, 32V25. 
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is the future light cone in 3 -dimensional space-time. A glance at this description shows that M. is homo- 
geneous under a group of complex-affine transformations. It is less obvious that the Lie algebras of global 
and local infinitesimal CR-transformations at a G M, ho((7W) and hol(.M,a), are both isomorphic to 
so(2,3), and hence have dimension 10, compare [26]. Also the following 'globalization' is known: The 
group SO(2, 3) acts on the complex quadric Q s C P4(C) by biholomorphic transformations and has a 
hypersurface orbit that contains M as a dense domain. 

The cone T clearly is a disjoint union of affine half-lines. Therefore, M. is a disjoint union of 
complex half -planes, actually M. is a fiber bundle with typical fiber H + :={zGC: Re(z) > 0}. However, 
the total space M is not even locally CR-equivalent to a product H + x M' with M' a CR-manifold. 
Notice that the Levi form in both cases, i.e., for M and for a product of H + with a Levi nondegenerate 
3-dimensional CR-manifold M', has exactly one non-zero eigenvalue at every point. Hence, one needs 
further invariants to distinguish those CR-manifolds. While every product M' x C is holomorphically 
degenerate, the crucial fact here is that the light cone tube M is nondegenerate in a higher order sense: To 
be precise, M is 2-nondegenerate at every point, and we refer to [6] and also to [5], 11.1, for the notion 
of /c-nondegeneracy. 

In the non-homogeneous setting, for every fceN and fixed manifold dimension it is not difficult to 
construct large classes of CR-manifolds, even hypersurfaces, which are fc-nondegenerate at some points, 
but are Levi nondegenerate in a dense open subset. It seems to be much harder to construct CR-manifolds 
which are fc-nondegenerate everywhere for k > 2. Note that the CR-dimension of a homogeneous M 
is an upper bound for the degree k of nondegeneracy. Hence, the lowest manifold dimension for which 
everywhere 2-nondegenerate CR-manifolds can exist is 5. which raises the intriguing question whether 
besides the light cone tube there exist further 2-nondegenerate homogeneous CR-manifolds in dimension 
5. So far, all known examples in dimension finally turned out to be locally CR-isomorphic to M, compare 
e.g. [17], [26], [20], [19], [3], and the belief arose that there are no others. 

The main objective of this paper is to show that there are actually infinitely many locally mutu- 
ally non-equivalent examples and to provide a full classification. Starting point is the following simple 
observation: Suppose that F C R n is an affinely homogeneous (connected) submanifold of dimension 
say d < n. Then the tube M :- F + iW 1 is a generic CR-submanifold of C n of CR-dimension d and is 
homogeneous under a group of complex-affine transformations. Indeed, every real-affine transformation 
leaving F invariant extends to a complex-affine transformation leaving M invariant and, furthermore, M 
is invariant under all translations z i— > z + iv with v G R n . Clearly, the crucial question is, when is M 
A;-nondegenerate and when are two tubes M, M' of this type locally CR-equivalent? 



The classification of all affinely homogeneous surfaces F C R 3 can be found in [14] and [15]. 
In particular, a complete list (up to local affine equivalence and in a slightly different formulation) of all 
degenerate types that are not a cylinder, is given by the following examples (1) - (3). 



(1) 


F = 


T the future light cone as above. 


(2a) 


F = 


{ r (cos t, sin t, e wt ) G R 3 : r <E R + , t G R} with u > arbitrary. 


(2b) 


F = 


{r(l,t,e*) G R 3 : r G R + ,t G R}. 


(2c) 


F = 


{ r (1, e* , e et ) G R 3 : r G R + , t G R} with 6 > 2 arbitrary. 


(3) 


F = 


{ c(t) + rc'{t) G R 3 : r G R + , t G R}, where c(t) := (t, t 2 ,t 3 ) parameterizes the twisted cubic 



{(t, t 2 , t 3 ):te R} in R 3 and c'(t) = (l,2t, 3t 2 ). 

Notice that the limit case to = in (2a) gives the future light cone T, while the limit case 9 = 2 in (2c) 
gives the linearly homogeneous surface {x G R 3 : xixj, - x 2 , x\ > 0, X2 > 0}, which is locally, but not 
globally linearly equivalent to T. In fact, T is linearly equivalent to the cone 

{x G R 3 : X1X3 = x\, x\ + X3 > 0}. 
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As our first main result we show, compare 8.8 and 8.9 for details: 

Theorem I: For every surface F in (1) - (3) the corresponding tube manifold M :- F + iR 3 is a homoge- 
neous 1-nondegenerate CR-submanifold of C 3 and any two of them are pairwise locally CR-inequivalent. 
Furthermore, for every F in (2a) - (3) and every a € M - F + iR 3 the following holds: 

(i) The Lie algebra ho[(M, a) is solvable and has dimension 5. 

(ii) The stability group Aut(M, a) is trivial. 

(iii) Every homogeneous real-analytic CR-manifold M', that is locally CR-equivalent to M, is already 
globally CR-equivalent to M. 

Notice that, a priori, there is no reason why the F in (1) - (3), although known to be locally affinely 
inequivalent, should have locally CR-inequivalent tubes (for nondegenerate affinely homogeneous surfaces 
in R 3 , for instance, there are counterexamples). 

We actually prove an analog of Theorem I in every dimension n > 3, where the same trichotomy 
occurs as above: Consider the following surfaces FcR" 

(1') F = T n := {x € R n : x\ > 0, x 2 > and Xj = x{~ l /x\~ 2 for 3 < j < n}. 

(2') F - {re tv (a) € R" : r <G R + ,t <G R}, where (p is an endomorphism of R n having a € R n as 
cyclic vector (i.e., the iterates tp k (a), k > span R n ) and the n eigenvalues of ip do not form an 
arithmetic progression in C. 

(3') F = {c(t) + rc'(t) : r G R + , t £ R}, where c(t) := (t, t 2 ,..., t n ) £ R n parameterizes the twisted 
n-ic in R n . 

In Sections 6 and 7 we show among other statements: For every F, F' from (1') - (3') the tube manifolds 
M := F + iW 1 , M' := F' + iW 1 are affinely homogeneous generic 2-nondegenerate submanifolds of C n 
with CR-dimension 2. Furthermore, M, M' are locally CR-equivalent if and only if F, F' are globally 
affinely equivalent, and this holds if and only if for given a € M, a' € M 1 the Lie algebras ho((M, a), 
hol(M',a') are isomorphic. In case F = T n the Lie algebra hol(M, d) contains a copy of g[(2,R) and 
hence is not solvable. In all other cases, i.e. F comes from (2') or (3'), the Lie algebra ho[(M, a) is solvable 
of dimension n + 2 and the stability group Aut(M, a) has order at most 2. 

Let us briefly comment on the proof of Theorem I: Once defining equations for an F under consid- 
eration are explicitly known (this is quite obvious for the types (1) - (3), compare Section 8, but seems to 
be hard for the types (2'), (3')), one can compute by standard methods the order k of nondegeneracy. How- 
ever, the amount of calculation necessary to determine k in such a way grows very fast with k and with 
the dimension or codimension of M C C n . This is one of the reasons, especially with an eye on possible 
generalizations, to choose a different approach, which does not use explicit equations. For instance, given 
an arbitrary submanifold FcR™ which is (locally) affinely homogeneous, we present a simple criterion 
(Proposition 3.7) which allows to determine quickly the order k of nondegeneracy for the corresponding 
tube manifold. 

The hard part of the proof is to show that the various tubes F + iR? are actually locally inequivalent as CR- 
manifolds. Recall that for real-analytic, not necessary homogeneous, hypersurfaces with nondegenerate 
Levi form there exist local invariants which determine each M up to local CR-equivalence due to the 
fundamental work of Cartan, Tanaka and Chern-Moser. However, an analogues approach is not available 
for M of higher codimensions or when the Levi form is degenerate. To distinguish the various tubes 
F+iR 3 , we develop a method (valid also in greater generality) which enables us to determine explicitly the 
Lie algebras ho((M, a) of infinitesimal CR-transformations of the various CR-germs (M, a) (see Section 
2 for basic definitions and Sections 6 for further details). 

The CR-manifolds occurring in the previous theorem are quite special as they all are tube manifolds. 
Moreover, all but one (namely the twisted cubic case in (3)) are actually conical. In the Levi nondegenerate 
case, many (homogeneous) examples are known which are not locally CR-equivalent to any tube mani- 
fold. For instance, the unit sphere subbundle of TS 3 with its canonical CR-structure is such an example. 
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Therefore, our second main result came quite unexpected to us: 

Theorem II. Every 5 -dimensional locally homogeneous 2-nondegenerate CR-manifold M is locally CR- 
equivalent to F + iR 3 with F being one of the surfaces in (1) - (3). 

For the precise definition of local homogeneity we refer to Section 2. A priori, locally homogeneous 
CR-manifolds might exist which are not locally CR-equivalent to any globally homogeneous one. As a 
by-product of the above 2 results we can see that such a pathology does not happen in the case under 
consideration. Theorem II gives a classification of all (abstract) 2-nondegenerate locally homogeneous 
CR-manifolds in dimension 5 up to local CR-equivalence. In fact, using Cartan's classification [11] of the 
3-dimensional Levi nondegenerate homogeneous CR-manifolds, the following result holds. 

Classification. Every 5-dimensional locally homogeneous CR-manifold M with degenerate Levi form is 
locally CR-equivalent to one of the following: 

(i) M - F + iR 3 C C 3 and F is one of the surfaces (1) - (3) from above. 

(ii) M - C x M' , where M' is one of the 3-dimensional Levi nondegenerate CR-manifolds from 
Cartan 's list in [11]. 

(iii) M = C 2 x R or M = C x R 3 with R 3 totally real. 

The manifolds in (i) are all 2-nondegenerate and in (ii) - (iii) are holomorphically degenerate. Also, the 
manifolds in (iii) are just the Levi flat ones. 

With Theorem II the following question arises naturally for higher codimension: Are there, up to 
local CR-equivalence, further locally homogeneous 2-nondegenerate CR-manifolds of CR-dimension 2 
besides those that are tubes over the surfaces F in (V) - (3') above? Notice in this context that every 
locally homogeneous 2-nondegenerate CR-manifold of dimension 6 necessarily has CR-dimension 2. 

For 5-dimensional CR-hypersurfaces with nondegenerate Levi form, that is, when Chern-Moser in- 
variants are available, there already exists a partial classification: Locally homogeneous CR-hypersurfaces 
in C 3 with stability groups of positive dimension have been classified by Loboda in terms of local equa- 
tions in normal form, see [27], [28], [29]. 

The paper is organized as follows. After recalling some necessary preliminaries in Section 2 we 
discuss in Section 3 tube manifolds M = F © iW 1 C C n over real-analytic submanifolds F C R n . 
It turns out that the CR-structure of M is closely related to the real-affine structure of the base F. For 
instance, the Levi form of M is essentially the sesquilinear extension of the second fundamental form 
of the submanifold F C R n . Generalizing the notion of the second fundamental form we define higher 
order invariants for F (see 3.4). In the uniform case these invariants precisely detect the fc-nondegeneracy 
of the corresponding CR-manifold M - F © iW 1 . It is known that the (uniform) /c-nondegeneracy of a 
real-analytic CR-manifold M together with minimality ensures that the Lie algebras ho[(M, a) are finite- 
dimensional, and is equivalent to this in the special class of locally homogeneous CR-manifolds. For 
submanifolds F C R ra which in addition are homogeneous under a group of affine transformations, a 
simple criterion for /c-nondegeneracy of the associated tube manifold M is given in Proposition 3.7. 

In Section 4 these results are applied to the case where F is conical in R n , that is, locally invari- 
ant under dilations z i— > tz for t near 1 € R. In this case M is always Levi degenerate. Assuming that 
ho[(M, a) is finite dimensional (which automatically is the case for minimal and finitely nondegenerate 
CR-manifolds) we develop some basic techniques for the explicit computation of ho((M, a). The main re- 
sults in Section 4 are the following: We prove that under the finiteness assumption ho((M, a) consists only 
of polynomial vector fields and carries a natural graded structure, see Proposition 4.2. We prove (under 
the same assumptions, see Proposition 4.4.ii) that local CR-equivalences between two such tube manifolds 
are always rational maps (even if these manifolds are not real-algebraic). Furthermore, jet determination 
estimates are provided (4.4.iv). In the special situation where ho((M, a) consists of affine germs only, these 
results are further strengthened. 
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In Section 5 we illustrate by examples how our methods can be applied. In Example 5.1 we present 
to every c > 1 and k G {2, 3, 4} a homogeneous submanifold of <C ri which is /c-nondegenerate, of codi- 
mension c and of CR-dimension k. We close this section investigating the tubes M^ q over the cones 
Fp q :— {x G R+ +9 : J2 £ j x f - 0} with P positive and q negative e/s and a G R*. Using our meth- 
ods from the previous section we explicitly determine the Lie algebras ho((M° 9 , a) for arbitrary integers 
a > 2 and p > q > 1. 

In Section 6, we construct homogeneous CR-submanifolds M = M v,d C C n of tube type, depend- 
ing on the choice of an endomorphism ip G End(R ra ), an integer 1 < d < n and a cyclic vector a G R n 
for ip in the following way: The powers ip°, p l , . . . , ip d ~ l span an abelian Lie algebra f) and, in turn, give 
a cone F := exp(h)a C R n . For ip which admits a cyclic vector a G R" the corresponding tube manifold 
M v,d = F + iW 1 is 2-nondegenerate, minimal and of CR-dimension d. The key result here is the explicit 
determination of the CR-invariant \)o\(M Lp > d , a) for ip in 'general position' (Propositions 6.5 and 6.17). 
The precise meaning for (p of being in 'general position' is stated in Lemma 6.8. Further results are, again 
for ip in general position, that the tube manifold M is simply connected and has trivial stability group 
at every point. As a consequence, the manifolds M of this type have the following remarkable property: 
Every homogeneous (real-analytic) CR-manifold locally CR-equivalent to M is globally CR-equivalent 
toM. 

In Section 7 the results from Section 6 are further refined in the case of homogeneous CR-manifolds 
M v := M v ' 2 :- F v + iR n C C n of CR-dimension 2 but without restrictions on the codimension. 
In fact, every minimal and locally homogeneous tube CR-manifold M :- S + iW 1 with a conical 2- 
dimensional S C R n is locally CR-equivalent to M v ' 2 for some cyclic ip. In this section also the case 
when ip is not in 'general position', i.e., the characteristic roots do form an arithmetic progression (see 
Lemma 6.8) is treated. The main results here are: Whether a cyclic ip is in general position or not, the Lie 
algebras hol(M^,a) (Proposition 7.3) and the global automorphism groups Aut(M^) (Proposition 7.5) 
are determined. Furthermore, the problem of local and global CR-equivalence among the M v 's is solved 
(Propositions 7.6 and 7.7) and a moduli space is constructed (Subsection 7.8). 

Part I of the paper is concluded with Section 8 where the examples (1) - (3) from Theorem I are 
presented in more detail. The results of the preceeding section are applied to this case of 5-dimensional 
tube manifolds M. In particular Propositions 8.8 and 8.11 contain some additional information to that 
stated in Theorem I and also complete the proof of Theorem I. 

Part II of the paper is mainly devoted to prove Theorem II. In the preliminary section 9 we explain 
how the geometric properties such as fc-nondegeneracy, minimality or the CR-dimension of an arbitrary 
locally homogeneous CR-germ (M, o) can be encoded in a pure Lie algebraic object, the associated CR- 
algebra (q, q). This is the key for our classification and is based on results taken from [18]. Specified to 
5-dimensional CR-germs, we formulate the precise algebraic conditions on a CR-algebra (g, q) ensuring 
that the associated CR-germ (M, o) is 2-nondegenerate. 

Once the classification of 2-nondegenerate 5-dimensional locally homogeneous CR-germs (M, o) is 
reduced to a classification problem of certain CR-algebras, we begin in Section 10 to carry out the details 
of the proof. It is subdivided into several sections, lemmata and claims and will only be completed in 
Section 16. Our proof relies on a quite subtle analysis of Lie algebraic properties of CR-algebras and uses 
basic structure theory of Lie algebras and Lie groups. The methods are quite general and can be adapted 
to handle also higher dimensional cases. 

A more detailed outline of the proof can be found in the first part of Section 10. 
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PART 1: Levi degenerate CR-manifolds 

2. Preliminaries 

In the following let E always be a complex vector space of finite dimension and M C E an 
immersed connected real-analytic submanifold. In most cases M will be locally closed in E. Due to the 
canonical identifications T a E - E, for every a G M we consider the tangent space T a M as an R-linear 
subspace of E. Then H a M :- T a M n iT a M is the largest complex linear subspace of E contained 
in T a M. The manifold M is called a CR-submanifold if dimc-£f a ^ does not depend on a € M. This 
dimension is called the CR-dimension of M and H a M is called the holomorphic tangent space at a, 
compare [5] as general reference for CR-manifolds. Given a further real-analytic CR-submanifold M' 
of a complex vector space E', a smooth mapping g : M — > M' is called CR if for every a G M the 
differential dg a : T a M — > T ga M' maps the corresponding holomorphic tangent spaces in a complex- 
linear way to each other. Keeping in mind the identification T a E = E, a vector field on M is a mapping 
/ : M — > E with /(a) G T a M for all a G M. For better distinction we also write £ = f(z)d/g z instead of 
/ and £ a instead of /(a), compare the convention (2.1) in [19]. 

An infinitesimal CR-transformation on M is by definition a real-analytic vector field f{z)d/Q z on 
M such that the corresponding local flow consists of CR-transformations. Let us denote by hol(M) the 
space of all such vector fields, which is a real Lie algebra with respect to the usual bracket. For every 
/(z)9/q z g hot(M) and every a G M there exist an open neighbourhood U C M of a with respect to the 
manifold topology on M, an open neighbourhood W of a with respect to E and a holomorphic mapping 
h : W -> E with f(z) = h(z) for all z G U n W, compare [2] or 12.4.22 in [5]. 

Further, for every a G M we denote by hol(M, a) the Lie algebra of all germs of infinitesimal CR- 
transformations defined on arbitrary open neighbourhoods of a with respect to the manifold topology of 
M. For simplicity and without essential loss of generality we always assume that the CR-submanifold M 
is generic in E, that is, E - T a M®iT a M for all a G M. This assumption allows us to consider ho((M, a) 
in a canonical way as a real Lie subalgebra of the complex Lie algebra t)oi(E, a), what we always do in 
the following. The CR-manifold M is called holomorphically nondegenerate at a if hol(M, a) is totally 
real in t)0l(E, a), that is, if hol(M, a) fl z hol(M, a) = in ho[(E, a). This condition together with the 
minimality of M at a implies dim ho[(M, a) < oo, see 12.5.3 in [5]. Here, the CR-submanifold M C E 
is called minimal at a G M if T a R - T a M for every submanifold Rc M with a e R and H Z M C T Z R 
for all z £ fl. By Proposition 15.5.1 in [5], dimho((M, a) < oo implies that M is holomorphically 
nondegenerate at a. The CR-manifold M is called locally homogeneous at the point a G M if there exists 
a Lie subalgebra g C ho[(M, a) of finite dimension such that the canonical evaluation map g — > T a M is 
surjective. In case M is locally homogeneous at a the condition dim hol(M, a) < oo is equivalent to M 
being holomorphically nondegenerate and minimal at a. 

By aut(M, a) := {£ G hot(M, a) : £ a = 0} we denote the isotropy subalgebra at a G M. Clearly, 
aut(M, a) has finite codimension in ho((M, a). Furthermore, we denote by Aut(M^a) the group of all 
germs of real-analytic CR-isomorphisms h : W — > W with /i(a) - a, where W, W are arbitrary open 
neighbourhoods of a in M. It is known that every germ in Aut(M, a) can be represented by a holomorphic 
map U — > .E, where £7 is an open neighbourhood of a in E, compare e.g. 1.7.13 in [5]. Furthermore, 
Aut(M) denotes the group of all global real-analytic CR-automorphisms h : M — > M and Aut(M) a its 
isotropy subgroup at a. There is a canonical group monomorphism Aut(M) a <^-> Aut(M, a) as well as an 
exponential map exp : aut(M, a) — ► Aut(M, a) for every a G M. 

By aff(M) C ho[(M) we denote the Lie subalgebra of all (complex) affine infinitesimal CR- 
transformations on M. For every a G M furthermore aff(M, a) C ho[(M, a) is the Lie subalgebra of 
all affine germs. The canonical embedding aff(M) <^-> off(M, a) is an isomorphism for every a G M. 

Suppose that g: U — » J7' is a biholomorphic mapping between open subsets £/, C/' C E. Then 



(2.1) 



9*{md/ dz )=g'(g- l z)(f(g- 1 z)) % z 
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defines a complex Lie algebra isomorphism g*:t)ol(U) — > ho[(C/0, where </(u) G EndCE 1 ) for ev- 
ery u G f/ is the derivative of g at u. For real-analytic CR-submanifolds M, M' C every CR- 
isomorphism g:(M,a) — > (M',a') of manifold germs induces a Lie algebra isomorphism 5*: 3 — > g', 
where g := ho[(M, a) and 0' := ho((M', a'). From (2.1) it is clear that extends to a complex Lie algebra 
isomorphism [ — > [', where the sums [ := g © ig C ho((-E,a) and [' :- g' © ig' C hol(E, a') are not 
necessarily direct. In particular, g ^> g* defines a group homomorphism Aut(M, a) — > Aut(g). 

A basic invariant of a CR-manifold is the (vector valued) Levi form. Its definitions found in the 
literature may differ by a constant factor. Here we choose the following one: It is well-known that for 
every point a in the CR-manifold M there is a well defined alternating R-bilinear map 

uo a : H a M x H a M E/H a M 

satisfying oj a (£ a ,(a) = [£, Qa m °d H a M, where £, £ are arbitrary smooth vector fields on M with 
^ z ,C, z eH z M for all zGM.We define the Levi form 

(2.2) £ a : tf a M x H a M -> £/# a M 

to be twice the sesquilinear part of w a . By sesquilinear we always mean 'conjugate linear in the first and 
complex linear in the second variable', that is, 

C a (v, w) = uj a (v, w) + iuj a (iv, w) for all v,w € H a M . 

In particular, the vectors £ a (u, v), v G H a M, are contained in iT a M/H a M, which can be identified in a 
canonical way with the normal space E/T a M to M C -B at a. The following remark follows immediately 
from the way the Levi form is defined: 

2.3 Remark. Suppose Z is a complex manifold, cp : Z — > M is a smooth CR-mapping and a = (/9(c) 
for some c G Z. Then every vector u G dip c (T c Z) C i^ a ^ satisfies £ a (v, w) = 0. In general, v is not 
contained in the Levi kernel 

K a M := {v G # a M : C a (v, w) = for all w G i? a M} . 

The CR-manifold M is called Levi nondegenemte at a if K a M = 0. Generalizing that, the notion of 
k-nondegeneracy for M at a has been introduced for every integer fc > 1 (see [6], [5]). As shown in 1 1.5. 1 
of [5] a real-analytic and connected CR-manifold M is holomorphically nondegenerate at a (equivalently: 
at every z G M) if and only if there exists a k > 1 such that M is fc-nondegenerate at some point b G M. 
For k - 1 this notion is equivalent to M being Levi nondegenerate at 6 G M. 

In the second part of our paper we also need a more general notion of a (real-analytic) CR-manifold. 
This is a connected real-analytic manifold M together with a subbundle HM C TM (called the 'holomor- 
phic subbundle') and a bundle endomorphism J of HM with J 2 = — id such that (HM, J) is involutive, 
compare 7.4 in [8]. By a theorem in [1] there exists an embedding M <^-> Z into a complex manifold Z, 
such that H Z M corresponds to T Z M n iT z M, where T Z Z — > T Z Z is simply the multiplication with the 
imaginary unit i (here the real-analyticity is necessary). The bundle homomorphism J : HM — > HM is 
then the restriction of that multiplication with i to H Z M for every z G M. For local considerations one 
can always assume that Z is (an open subset of) C n . 

3. Tube manifolds 

Let V be a real vector space of finite dimension and E :- V © iV its complexification. Let 
furthermore F C V be a connected real-analytic submanifold and M := F + iV C E the corresponding 
tube manifold. M is a generic CR-submanifold of E, invariant under all translations z h-> z + iv , v G V. In 
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case V is another real vector space of finite dimension, E' its complexification, F' C V a real-analytic 
submanifold and ip : V — ► V an affine mapping with 99(F) C F', then clearly 99 extends in a unique 
way to a complex-affine mapping F — > F' with </?(M) C M'. However, it should be noted that higher 
order real-analytic maps ip : F — > F' also extend locally to holomorphic maps ip : J7 — > F' , U open in 
F. But in contrast to the affine case we have in general ip(M n U) <£. M' . We may therefore ask how the 
CR-structure of M is related to the real affine structure of the submanifold F C V. 

For every a G F let T a F C F be the tangent space and N a F :- V/T a F the normal space to F at a. 
Then T a M - T a F © iV for the corresponding tube manifold M, and iV a F can be canonically identified 
with the normal space N a M = E/T a M of M in F. Define the map i a : T a F x T a F -> iV a F in the 
following way: For v,w £ T a F choose a smooth map / : V — > V with f(a) = v and f(x) G T X F for all 
x G F (actually it suffices to choose such an / only in a small neighborhood of a ). Then put 

(3.1) £ a (v, w) :- f'(a)(w) mod T a F , 

where the linear operator f'(a) G End(F) is the derivative of / at a. One shows that £ a does not depend on 
the choice of / and is a symmetric bilinear map. We mention that if V is provided with a flat Riemannian 
metric and N a F is identified with TaF 1 - then £ is nothing but the second fundamental form of F (see the 
subsection II.3.3 in [32]). The form £ a can also be read off from local equations for F, more precisely, 
suppose that U C V is an open subset, W is a real vector space and h : U — > W is a real-analytic 
submersion with F = /i _1 (0). Then the derivative h'(a) : V —> W induces a linear isomorphism N a F = 
W and modulo this identification l a is nothing but the second derivative h"{a) : V x V — > at a, 
restricted to T a F x T a F. By 

F a F := G T a F : £ a (v, w) = for all 1; G T a F} 

we denote the kernel of The manifold F is called (affinely) nondegenerate at a if K a F = holds. The 
following statement follows directly from the definition of £ a : 

3.2 Lemma. Suppose that ip G End(V) satisfies tp(x) G T X F for all x G F. Then (/9(a) G F a F if and 
onlyif(p(T a F) cT a F. 

Lemma 3.2 applies in particular for ip - id in case F is a cone, that is, rF = F for all real r > 0. More 
generally, we call the submanifold F C V conical if x G T X F for all x G F. Then Ra C K a F holds for 
all a G F. 

In the remaining part of this section we explain how the CR-structure of the tube manifold M is 
related to the real objects £ a , TF, KF and K r F, to be defined below, which depend only on the affine ge- 
ometry of F. In general it needs some effort to check whether a given CR-manifold M is fc-nondegenerate 
at a point a G M (in sense of [4]). For affinely homogeneous tube manifolds, however, there are simple 
criteria, see Propositions 3.5 and 3.7. We start with some preparations. For every a G F C M 

(3.3) H a M = T a F © iT a F C F 

is the holomorphic tangent space at a, and E/H a M can be canonically identified with N a F © iN a F. It 
is easily seen that the Levi form C a of M at a, compare (2.2), is nothing but the sesquilinear extension of 
the form £ a from T a F x T a F to H a M x H a M. In particular, 

K a M = K a F © iK a F 

is the Levi kernel of M at a. In case the dimension of K a F does not depend on a G F these spaces form 
a subbundle KF C TF. In that case to every v G K a F there exists a smooth function / : V — > V with 
f(a) - u and /(x) G K X F for all x G F, i.e., the tangent vector u extends to a smooth section in KF. In 
any case, let us define inductively linear subspaces K r a F of T a F as follows: 
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3.4 Definition. For every real-analytic submanifold F CV, every a G F and every rEN put 

(i) K®F := T a F and define 

(ii) K^ +l F to be the space of all vectors v G F^F sucn tnat there is a smooth mapping / : V —> V 
with f'(a)(T a F) C K r a F, /(a) - u and /(x) G F/£F for all 

It is clear that F*F = F a F holds. Let us call F of uniform degeneracy or uniformly degenerate if for 
every r G N the dimension of F£F does not depend on a G F. In that case it can be shown that for 
every v G K r a F the outcome of the condition f'(a)(T a F) C K r a F in (ii) does not depend on the choice 
of the smooth mapping / : V — >■ V satisfying /(a) - v and f(x) G K X F for all x G F. For instance, 
F is of uniform degeneracy if F is locally affinely homogeneous, that is, if there exists a Lie algebra a of 
afhne vector fields on V such that every £ G a is tangent to F and such that the canonical evaluation map 
o — > T a F is surjective for every a £ F. Clearly, if F is locally affinely homogeneous in the above sense 
then the corresponding tube manifold M - F + iV is locally homogeneous as CR-manifold. 

Recall our convention that every smooth map / : V — > V is considered as the smooth vector field 
x on V. Our computations below are considerably simplified by the obvious fact that every 
smooth vector field £ on V has a unique smooth extension to E that is invariant under all translations 
z i— ► z + iv, v G V. In case £ is tangent to F C V the extension satisfies £ z G H Z M for all z G M. 

In case the submanifold F C V is uniformly degenerate in a neighbourhood of a G F we call F 
affinely k-nondegenerate at a if K^F = and A; is minimal with respect to this property. It can be seen that 
'affine fc-nondegeneracy' is invariant under affine coordinate changes. As a consequence of [26], compare 
the last 5 lines in the Appendix therein, we state: 

3.5 Proposition. Suppose that F is uniformly degenerate in a neighbourhood ofa£F. Then the corre- 
sponding tube manifold M - F + iV is k-nondegenerate as CR-manifold at a G M if and only if F is 
affinely k-nondegenerate at a. 

3.6 Corollary. Suppose dim F > 2 and K X F = Rx for all x G F. Then F is affinely 2-nondegenerate at 
every point. 

Proof The map / = id has the property f(x) G K X F for every x G F. Hence, the relation f'(x)(T x F) = 
T X F <f_ K X F implies x G" K X F and thus K^F - as well as x ^ 0. In particular, F is uniformly 
degenerate. □ 

For locally affinely homogeneous submanifolds F C V the spaces K r a F can easily be characterized. 
For each affine vector field £ = h(x)d/g x on V denote by £ lin := h — h(0) G End(V) the iinear part of £. 

3.7 Proposition. Suppose that 21 is a linear space of affine vector fields on V such that every £ G 21 is 
tangent to F and the canonical evaluation mapping 21 — > T a F is a linear isomorphism. Then, given any 
r G N, the vector v G K r a F is in K^ +l F if and only if£ lin (v) G K r a F for every £ G 21. 

Proof. By the implicit function theorem, there exist open neighbourhoods Y of G 21 and X of a G M 
such that g(y) := exp(y)a defines a diffeomorphism g : Y — > X. Define the smooth map / : X — > V 
by /C*0 - Hy(v), where //^ for y := g~ (x) is the linear part of the affine transformation exp(y). Then 
f(a) = v and f(x) G K r x F for every xel.A simple computation shows that 

f (a)(y(0)£) - £ H » for every £ G 21. 

In view of Definition 3.4.ii this identity implies the claim. □ 

It is easily seen that a necessary condition for M being minimal as CR-manifold is that F is not 
contained in an affine hyperplane of V. For later use in Proposition 4.10 we state the following sufficient 
condition. 
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3.8 Proposition. Suppose that'll has the same properties as in Proposition 3.7 and denote by A C End(V) 
the associative real subalgebra generated by {£ lin : £ G 21}. Then the tube manifold M = F+iV is minimal 
at a ifV is the linear span of all vectors \(v) with v G T a F and A G A. 

Proof. Without loss of generality we assume that the canonical evaluation mapping 21 — > T X F is a linear 
isomorphism for every x G F. We also assume that V is the linear span of all \(v) as above. Define 
inductively for every integer r > 1 the subbundle H r M C TM in the following way: H l M := i7M and 
every H r z +l M, z G M, is the linear span of H r z M together with all vectors [£, rj] z , where £, r/ are arbitrary 
smooth sections in H r M over M. For the proof it is enough to show T a M = H™M := \J r>l T a M. 
From T a F © iT a F C FL r a M C T a F © i7 we see that for every 1 < r < oo there is a unique linear 
subspace H r a F C F with H r a M = T a F © i£T£F and H l a F = T a F. Therefore it is enough to show 
H™F = V. We claim that £ lin (i^F) C H r a +l F holds for all £ G 21. To see this fix an arbitrary w G H r a F 
and an arbitrary vector field £ G 21. Choose a smooth section r\ over F in the bundle iFf r a F with r? a = iw 
and extend 77 as well as £ in the unique way to smooth vector fields on M that are invariant under all 
translations z <—> z + iv with v G V. Then £,7/ are sections in H r M, and [£, r?] a = i£ lin (uO G H^ +l M 
implies £ lm (w) G H^ +l F as required. Now define inductively the linear subspaces W r C V by VF 1 := 
= T a F and as the linear span of W r together with all £ lin (W r ), £ G 21. Then F = U r >i ^ r 

by assumption and W r C i^„F by induction gives V C H%°M C F as desired. □ 

3.9 Lemma. Suppose that F C V is a submanifold such that for every c G V with c^O there exists a 
linear transformation g G GL(V) with g(F) = F and g(c) ^ c (this condition is automatically satisfied if 
F is a cone). Then for M = F + iV the CR-automorphism group Aut(M) has trivial center. 

Proof. Let an element in the center of Aut(M) be given and let h : U —> E be its holomorphic extension 
to an appropriate connected open neighbourhood U of M. Since h commutes with every translation z <— > 
z + iv,v G V, it is a translation itself: Indeed, for a G F fixed and c : = h(a) — a the translation t(z) :- z + c 
coincides with h on a + iV and hence on U by the identity principle. For every g G GL(V) n Aut(M) the 
identity gh - hg implies g(c) = c. This forces c = by our assumption, that is, h(z) = z. □ 

3.10 Proposition. Suppose that the homogeneous CR-manifold M is simply connected and that Aut(M) 
has trivial center. In case the stability group Aut(M, a) is trivial for some (and hence every) a G M, the 
following properties hold: 

(i) Let M' be an arbitrary homogeneous CR-manifold and D C M, D 1 C M' non-empty domains. 
Then every real-analytic CR-isomorphism h : D — > D' extends to a real-analytic CR-isomorphism 
M -» M'. 

(ii) Let M' be an arbitrary locally homogeneous CR-manifold and D' C M' a domain that is CR- 
equivalent to M. Then D' - M' . 

Proof, ad (i): Fix a point a G D. To every g G G := Aut(M) with g(a) G D there exists a transformation 
g' G G' :- Aut(M') with hg(a) = g'h(a). Because of Aut(M',a') = {id} the transformation g' is 
uniquely determined by g and satisfies hg - g'h in a neighbourhood of a. Since the Lie group G is simply 
connected g ^ g' extends to a group homomorphism G — > G' and h extends to a CR-covering map 
h : M —> M'. The deck transformation group T := {g G G : gh - h} is in the center of G and hence is 
trivial by assumption. Therefore, h : M —> M' is a CR-isomorphism. 

ad (ii): The proof is essentially the same as for Proposition 6.3 in [19]. □ 

The condition 'locally homogeneous' in Proposition 3. lO.ii cannot be omitted. A counterexample 
is given for every integer k > 3 by the tube M' C C 3 over the cone 

F' := {x G R 3 : x\ = ^ _1 x 3 , x\ + x\ > 0} . 

Then with R + := e R the tube M over F := F' n (R + ) 3 is the Example 8.4 below for 9 - k, and M, M' 
satisfy for D' - M the assumption of Proposition 3.10.ii. 
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4. Tube manifolds over cones 

In this section we always assume that the submanifold F C V is conical (that is, x G T X F for every 
x G F) and that a G F is a given point. Then, for M := F + iV, the Lie algebra g := ho((M, a) contains 
the Euler vector field S := z9/q z . Denote by *p the complex Lie algebra of all polynomial holomorphic 
vector fields f(z)9/g z on E, that is, / : E — > E is a polynomial map. Then *p has the Z-grading 

(4.1) <p = 0<p fc , PPfc,W]C«P* + J, 

fcez 

where is the /c-eigenspace of &d(5) in Then ^ is the subspace of all (k + l)-homogeneous vector 
fields in *p if k > —1 and is otherwise. Define g k '■= H Clearly, fcgZ 0fc is a graded, in general 
proper subalgebra of 0, and off(M, a) = a_i © go- 

4.2 Proposition. Retaining the above notation, suppose that g = ho[(M, a) has finite dimension. Then 

(i) C ^P, that is, every f{z)d/Q z G is a polynomial vector held on E - V © zF. Furthermore, 
JOY) CiV. 

(ii) 0=@0fc, [Qk,9i]Cg k +i and g_i = {ivd/Q z : v G V} . 

k>-i 

(iii) For every z G M the canonical map hol(M) — > ho[(M, z) is a Lie algebra isomorphism. 

(iv) 0/c = for some G N implies Qj = for every j > k. 

Proof. Consider [ := g © ig C ho((F, a), which contains the vector field rj :- (z — a)d/Q z . We first show 
I C *P: Fix an arbitrary £ := f(z)d/g z g L Then in a certain neighbourhood of a G -E there exists a unique 
expansion £ = ^ fcgN £&, where = Pk(z — a)d/Q z for a fc-homogeneous polynomial mappfc : E — > F. It 
is easily verified that the vector field ad(ry)£ G I has the expansion ad(??)£ = X^fceN^ - l)€k- Now assume 
that for d := dim [ there exist indices ko < k\ < . . . < k d such that £ fc; ^ for < I < d. Since the 
Vandermonde matrix ((fc; — 1) J ) in non-singular, we get that the vector fields (ad 7/) 3 '£ = ^ fcelN (&— l)- 7 ^, 
< J < d, are linearly independent in [, a contradiction. This implies £ G as claimed. 
Since C *P has finite dimension, every r\ G is a finite sum rj - J2T=-i % w i tn % G ^Pfc an( ^ 
not depending on 77. For every polynomial p G R[X] then p(ad <5)?y = X^fcl-i Pi^Vk shows 77^ G 0^ for 
all k, that is, g = g fc . The identity g_, = {w9/q z : v £ V} follows from the fact that g_i is totally real 
in *p_iand this implies f(iV) C iV for all f(z)9/g z g 0^ by [g_i,0fe] C 0fc_i and induction on k. For 
the proof of the last claim assume gt - for some k > 0. Then [^3_i , 0fc+i] C (gk © iQk) - implies 
0fc+i C 0_i and hence g k+i =0. □ 

4.3 Corollary. In case g - hol(M, a) nas finite dimension the CR-manifold M = F + iV is locally 
homogeneous at a if and only if F is locally linearly homogeneous at a G F. 

Proof. From Proposition 4.2 follows that W := {£ a : £ G © fcG ]N 92k} is a subspace of V while {£ a : £ G 
0fc e N 02fc-i} = iV. Hence, M is locally homogeneous at a if and only if W - T a F. But for every k G N 
and every £ G 02fc the vector field 77 := (ad iad/Q z ) 2k £ is in g and satisfies r] a - (—\) k (2k + 1)! £ OJ that 
is, W = {£ a : £ G 0o}- □ 

Notice that the conclusion C ^3 together with an eigenspace decomposition as in Proposition 4.2 
can for V = R n be obtained in the same way if instead of 'F conical' it is only assumed for M = F + iM 71 
that = ho[(M, a) contains a vector field aizi 9/q Zi + a^z^^lQ^ + . . . + a n z n d/dz n w i tn a k > f° r all 
k, compare e.g. (7.13). 

4.4 Proposition. Assume that g := ho((M, a) has hnite dimension and that F' C V is a further conical 
submanifold with tube manifold M' - F' + iV and g' :- ho((M', a') for some a' G F' . Assume that 
the CR-germs (M, a) and (M',a') are isomorphic and let g,g : (M, a) — > (M',a') be arbitrary CR- 
isomorphisms. Then 

(i) dim gk - dim g' k for all k G Z, where g k ,g' k are given by the decomposition 4.2.U. 

(ii) g is represented by a rational transformation on E. 
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(iii) In case gi = 0, g is represented by a linear transformation in GL(V) C GL(E) mapping every 
K r a F ontoK r a ,F'. 

(iv) g -g if and only if g, g have the same d-jet at a, where d := min{/e G N : Qk - 0}. 

Proof. Let [ := g © ig and l k :- I !~l for all /c. The Lie algebra automorphism ¥ := exp(ad ad/Q z ) of 
[ maps every f(z)d/Q z to /(z + a)d/Q z . For every /c denote by [ fc C I the subspace of all vector fields that 
vanish of order at least k+l at a. Then x ¥(l k ) - © ?>fc lj implies dim - dim [ fc /[ fc+1 . As a consequence, 
dirng Qk - dimclfc is a CR-invariant of the germ (M, a) for every k. 

For the proof of (ii), (iii) put [' := g' + ig' and extend g to a biholomorphic mapping g : f7 — > J7' with 
5(a) = a' and </([/ PI M) = J7' n M' for suitable connected open neighbourhoods ?7, U' of a, a' G E\ 
Consider the induced Lie algebra isomorphism 5* : I — > I', compare (2.1). Its inverse := g" 1 is given 
by 

(4.5) ®{m d /dz) = g'{zT l f{g(zj) % z . 

Since [ consists of polynomial vector fields (Proposition 4.2) there exist polynomial maps p : E — > E and 
q: E —> End(£) such that 

=P(*)%z and 0(e% z ) = ( g (z)e) % z 
for all ee£. Then (4.5) implies <7'(z) _1 = g(z) and g'(z)~ l g(z) - p(z), that is, 

(4.6) - g^W) 
in a neighbourhood of a G E 1 and, in particular, g is rational. 

Now suppose 01 = 0. Then also g^ = g' k = for all k > 1 by 4.2.iv and (i). Clearly 0(l a ,) = l a , where 
l a := {£ £ I : £a = 0} and similarly l a , C I' are the isotropy subalgebras at a, a'. Also, <5 a := (z — o)9/q z 
is the unique element in l a such that ad(<5 a ) induces the negative identity on the factor space l/[ a . Since <5 a / 
has the same uniqueness property for l' a , we must have &(8 a >) - 5 a . Since 5 - z9/q z is the g-component 
of 5 a as well as of S a > in g © ig we actually get 0(5) = S, that is, p(z) = z. Also l_i is ©-invariant, 
implying that q is constant. Therefore g - q(a)~ l . 

For the proof of (iv) we assume without loss of generality that M = M', a = a' and that g, id G Aut(M, o) 
have the same d-jet at a. This implies that (g(z) — z) vanishes of order > d and (g'(z)— id) vanishes of order 
> d at a. Therefore also (g'(z) -1 — id) = (q(z) — id) vanishes of order > data. Since q is a polynomial of 
degree < d, there is a d-homogeneous polynomial s : E — > End(F) with g(z) = id +s(z — a). Consider 
the vector field rj :- (z — a)d/Q z G I and define the holomorphic mappings h,r : U — > E by 

/i(z) := g(z)(^(z) - a) = (z - a) + r(z) . 

Then ©(77) = h(z)d/g z £ g shows that /i and r are polynomials of degree < d. But 

K*) = (g(z) ~ z) + s(z - a)(g(z) - a) 

vanishes of order > d at a, that is, r = and ©(77) = 77. This implies 0(L_i) = l_i since l_i is the 
(— l)-eigenspace of ad(r/). Therefore g is an affine transformation on E. From g(a) - a and g'{a) = id we 
finally get g = id. □ 

4.7 Corollary. Let M := F + iV , M' :- F 1 + iV with conical submanifolds F,F'cV and let a G F, 
a 1 G F' be arbitrary points. Assume furthermore that hol(M, a) = aff(M, a) hoids. Then tne following 
conditions are equivalent: 

(i) The manifold germs (M, a), (M', a') are CR-equivalent. 

(ii) The manifold germs (M, a), (M', a') are afhnely equivalent. 

(iii) The manifold germs (F, a), (F', a') are linearly equivalent. 



Homogeneous Levi degenerate CR-manifolds 



13 



Recall that aut(M, a) C g = hol(M, a) is denned as the isotropy subalgebra at a and Aut(M, a) is the 
CR-automorphism group of the manifold germ (M, a), also called the stability group at a G M. 

4.8 Proposition. Let F C V be conical and M - F + iV. In case g - ho[(M, a) has finite dimension, the 
following conditions are equivalent: 

(i) 01 - 0. 

(ii) g = aff(M,a). 

(iii) The tangential representation g i— > g'(a) induces a group monomorphism Aut(M, a) <^-» GL(y). 
Each of these conditions is satisfied if out(M, a) = 0. 

Proof. Let I := g © zg C rjo[(i£, a) and := g^ © zg& for all fc. 

(i) =>■ (ii) Follows from the last claim in Proposition 4.2. 

(ii) =>■ (iii) By Proposition 4 .4 .iii every g G Aut(M, a) is represented by a linear transformation on V. 

(iii) =>■ (i) Let £ € gi be an arbitrary vector field. Then there exists a unique symmetric bilinear map 
b : E x E -> £ with £ = 6(z, z)%z- Now (adz'a<% z ) 2 £ = -26(a, a)<% z G g, that is, r? := h{z)d/Q z 
is in aut(M, a), where /i(z) := z) — 6(a, a). For every t € R therefore the transformation ip t := 
exp(tr/) G Aut(M, a) has derivative tp' t (a) = esxp(th'(a)) G GL(E) in a. But ^(a) G GL(V) by 4.4.iii 
and thus 2b(a, v) = h'(a)v G V for all i> G V. On the other hand b(a, v) G zV by Lemma 3.9, implying 
ip' t {a) = id for all t G R. By the injectivity of the tangential representation therefore r/ t does not depend 
on t and we get ^ = 0. This proves (i) and thus the equivalence of (i) - (iii). 

Suppose out(M, a) - and that there exists a non-zero vector field £ G gi. Then £ a G iV and there exists 
an 77 G g_i with £ — 77 G aut(M, a), a contradiction. □ 

4.9 Remark. Notice that the condition (iii) in Proposition 4.8 states that the tangential representation 
takes its values in the subgroup GL(V) C GL(E). In general, the tangential representation is not injective 
and also takes values outside GL(V). The tube M over the future light cone can serve as a counterexample 
for both of these phenomena. 

4.10 Proposition. Suppose that M - F + iV , F C V a conical submanifold, is locally homogeneous and 
that g = g_i © go for g = ho((M, a). Then the tangential representation at a induces a group isomorphism 

Aut(M, a) = {g £ GL(V) : gQog' 1 = go and g(a) = a} , 

where go is considered in the canonical way as linear subspace of End(V). 

Proof. The assumptions imply that H(a)nF is a neighbourhood of a in F for H := exp(go) C GL(V). Let 
g G GL(V) be an arbitrary linear transformation with g(a) - a and ggo9~ l - 00- Then gHg~ l = H and 
hence gH(a) - Hg(a) - H(a), that is g G Aut(M, a). Conversely, by 4.4.iii every element of Aut(M, a) 
can be represented by some g G GL(V) with g(a) = a. The Lie algebra automorphism = g. ¥ of g leaves 
5 and thus also go invariant. As a consequence, &(ip) = g(pg~ l for every ip G go, that is, gQog~ l - go- □ 

The real Lie algebra structure of ho[(M, a) is a CR-invariant for the manifold germ (M,a). For 
certain classes of conical tube manifolds this gives a complete invariant: 

4.11 Proposition. Let F, F' C V be conical submanifolds for which the corresponding tubes M := 
F + iV, M' := F' + iV are locally homogeneous CR-manifolds. Let a G F, a' G F' be arbitrary points 
and assume that for g := ho((M, a) the spaces g^ occurring in the gradation 4.2.U satisfy g^ = [go, go] = 0. 
Then the following conditions are equivalent: 

(i) The germs (M, a), (M' , a') are CR-equivalent. 

(ii) ho((M, a), ho((M', a') are isomorphic as real Lie algebras. 

Proof. Only the implication (ii) (i) is not obvious. Suppose that : g — > g' := ho((M', a') is a Lie 
algebra isomorphism. We use the same symbol for the complex linear extension : [ — > ['. 
Our first step is to show that can be modified in such a way that it respects the gradations. To begin 
with, [g',g'] is abelian since our assumption implies that [g,g] = g_i has this property. With g' = 0g^, 
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being the gradation for g' as in 4.2.ii assume that there exists a minimal integer k > 1 with g' fc ^ 0. Then 
= [S, and c := g' k ] i- imply $'_ v c C [g', g'] together with [g'_j , c] ^ 0, a contradiction. 
Therefore g' = g'_j g with [g',g'] = g'_ l5 and as a consequence, 0(g_i) = 0([g,g]) = [g',g'] = q'_ v 
Since ad : g — > g((g'_i) is injective, c> + g'_ 1 is precisely the set of all £ G g' such that ad £ induces on g'_j 
the negative identity. Therefore, there exists rj G g'_ j with 0(5) - 5 — rj. Replacing by exp(ad ??)0 = 
(id + ad ??)0, we get 0(5) = 5 and finally 0(g^) = g' fc for all k. 

There exists a linear operator 6 G GL(V) C GL(£) with &(e% z ) = 6(e)d/ dz for all e £ E = V ® iV. 
We claim that H' - 0H9~ l holds for the abelian subgroups H := expgo and H' := expg of GL(V). 
Indeed, application of to [ed/Q Z: X(z)d/Q z j = X(e)d/g z yields 

X9 = 9X for all A(z)% z G go and A(z)% z : = ®(A(z)% z ) € g . 

We may therefore assume (possibly after replacing F by 6F and a by 0a) that = H', F - H(a) and 
F' - H(a'). Denote by A C End(F) the associative subalgebra generated by all A G End(F) with 
X(z)9/q z g go- Then A is abelian, contains the identity of End(F) and H C A. Since dimg < oo, the 
CR-manifold F + iV is minimal and consequently F cannot be contained in a hyperplane of V. This 
implies A(a) = V and thus the existence of a g G A with a' - g(a). From gH = Hg we get F' - g(F). 
Since g(F) also cannot be contained in a hyperplane of V finally g G GL(V) follows. □ 

In Propositions 6.5 an d 6.17 a large class of linearly homogeneous conical submanifolds F C V is 
given for which the corresponding tubes M satisfy the condition gi = [go, go] = in Proposition 4.11. 

We note that we do not know a single example with dim g < oo and dim g^ > dim g_fc for some k G 
N. We also do not know any pair M, M' of holomorphically nondegenerate conical tube manifolds, that 
are locally CR-equivalent but are not locally affinely equivalent. For Levi nondegenerate tube manifolds 
(which necessarily cannot be conical) such examples can be found in [13]. In [25] even two affinely 
homogeneous examples are contained which are locally affinely non-equivalent but whose associated tube 
manifolds are locally CR-equivalent. 



5. Some examples 

In this section we present two classes of examples. To our knowledge, the only known example 
of a homogeneous /c-nondegenerate CR-manifold with k > 3 occurs in [18] for the case k - 3: That 
is a hypersurface M in a 7-dimensional compact complex manifold, on which the simple Lie group 
SO(3,4)° acts by biholomorphic transformations with orbit M. In our first example we give for arbi- 
trary CR-codimenion c > 1 a minimal homogeneous 3-nondegenerate as well as a minimal homogeneous 
4-nondegenerate CR-manifold. The second class of examples deals with tubes M over cones of the form 
{x G (R" 1 )™ : J2j< p x< j - J2j> P x< j} with I < p < n and a ^ 0,1. Using results from the preceding 
section, we explicitly determine all Lie algebras g = hol(M, a) for certain a. Among these are all hy- 
perquadrics (that is a = 2) of signature (p, q) with q := n — p, where g turns out to be isomorphic to 
so(p+l,g+l). 

The first example of CR-manifolds introduced below consists of tubes M = F(a) + iV over certain 
group orbits T(a), where the connected group T := {g G GL(2, R) : det(o) > 0} acts linearly on a real 
vector space V. In that way we obtain homogeneous fc-nondegenerate CR-manifolds for k G {2,3,4}. 
For dimension reasons it is impossible to construct CR-manifolds of higher nondegeneracy, employing the 
group T = GL(2,R)°. We do not know how to construct A;-nondegenerate homogeneous tube manifolds 
with k > 5 (should these exist) with suitable other groups, either. 

5.1 Example. For fixed integers k G {2,3,4} and c > 1 let V C R[ui,U2] be the subspace of all 
homogeneous polynomials of degree m :— k + c — 1. Then the group T (see above) acts irreducibly on V 
by p i-> p o g~ l for all g G T and has the subgroup {g G Rid : g m - id} as kernel of ineffectivity. For 
a :- Y^j=G u i u T~'' G ^ the orbit F - T k)C :- T(a) is a connected conical submanifold of dimension k 
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in V. With Proposition 3.7 it is easily seen that 

k — l — r 

K r a F= ^2 R "i^r~ j forai1 r ^°- 

3=0 

In particular, the tube manifold M k,c := F + iV is a /c-nondegenerate homogeneous CR-manifold of 
CR-dimension k and CR-codimension c. The manifolds j\4 2 ' c will be discussed in more detail in Section 
7. In particular, M. 2 ' 1 is linearly equivalent to the future light cone tube A4. For easier handling let us 
identify R m+1 with V via (x ) < ^ Y^=q x j u \ u ™ 3 ■ Since T acts on M. k ' c by (linear) 

CR-automorphisms, the linear part go of - t)oi(A4 k,c , a) (compare 4.2.ii) contains a copy of g[(2, R). 
More explicitly, this subalgebra is spanned by the vector fields 

m m— 1 

(5.2) 

m m 

e 1 '" 1 : = J^jzj-^/dzj , C2 := £(m - j)zjd/ dz . . 

j=l j=0 

In particular, the vector fields C -1 ' 1 an d := Ci — C2 - SZo(2j — m ) z j®/dz- s P an a co Py °f 

sl(2, R) in go- In case k - 2 & straightforward computation shows that r<i = {(() ^ er:e m = l|is 

the isotropy subgroup at a G M 2,c . Hence, j ^ G r| = C* acts transitively on F, that is, M 2 ' c is 

diffeomorphic to R n x C*, where n := m + 1 - dim V. 

It seems quite hard to find explicit global equations for M k,c in case k > 2. For k - 2 see (7.2). Only 
for k - 3 and c = 1 we have the following: Consider in R 4 the algebraic hypersurface given by the 
homogeneous equation 

(5.3) S := {x G R 3 : XqX 2 + 4xqX2 — 6x0x1x2x3 — 3x\x\ + 4x 3 X3 = 0} . 

It is obvious that S contains the point a - (1, 1,0,0). Since the application of every vector field in (5.2) 
to the defining function of 5 gives a multiple of this function, S is invariant under the group T. Therefore 
the 3-nondegenerate homogeneous CR-submanifold M. 3 ' 1 = T(a) + iM 4 of C 4 is an open piece of the tube 
S + iR 4 . 



5.4 Example. Fix integers p > q > 1 with n := p + q > 3 and a real number a with a 2 ^ a. Then 

p n 

F = F p V= {x G (R + r : £x« = £ *?} , 

j=i j=p+i 

is a hypersurface in V := R n . Furthermore, F is a cone and therefore dim K a F > 1 for every a £ F. On 
the other hand, the second derivative at a of the defining equation for F gives a non-degenerate symmetric 
bilinear form on V x V, whose restriction to T a F x T a F then has a kernel of dimension < 1. Therefore 
dim K a F = 1 for every a G F and by Corollary 3.6 the CR-manifold M = M* q := F* q + iV is 
everywhere 2-nondegenerate (compare Example 4.2.5 in [16] for the special case n - a - 3). Since M as 
hypersurface is also minimal, g = ho[(M, a) has finite dimension. 

For the special case a - 2 and q - 1 the above cone F = F 2 _ { { is an open piece of the future light 

cone 

{x G R" : x\ + . . . + x 2 n _ l = x\, x n > 0} 
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in n-dimensional space-time, which is affinely homogeneous. In [26] it has been shown that for the corre- 
sponding tube manifold M the Lie algebra q = ho((M, a) is isomorphic to so(n,2) for every a G M. In 
case q > 1 the following result seems to be new: 

Case a = 2: Consider on C™ the symmetric bilinear form (z\w) := ^ EjZjWj. Then F is an open piece of 
the hypersurface {x G R" :x^0, (x|x) = 0}, on which the reductive group R* • 0(p, (?) acts transitively. 
Therefore, s := R<5 © so(p, is contained in go- One checks that 

s := g_i © s © s x , s t := { (2i(c|z)z - i(z|z)c) % z : c G R n } 

is a Lie subalgebra of q. The radical r of 5 is ad(5)-invariant and hence of the form r = r_i © to © ti 
for t k := r n Qk- From so(p, q) semisimple we conclude to C R<5. But S cannot be in r since otherwise 
0_i C r would give the false statement [fl-i,^] C R<5. Therefore r = 0, and [0_i,tj] = [r.^sj = 
implies r = 0. Now Proposition 3.8 in [26] implies q = s, and, in particular, that q has dimension ("J 2 )- 
In fact, it can be seen that g is isomorphic to so(p + 1, q + 1). 

Case a an integer > 3: Then F is an open piece of the real-analytic submanifold 

n 

(5.5) S := jx G R n : x 4 and ^ £j x° = o} 

which is connected in case q > 1 and has two connected components otherwise. For every x G R ra let 
d(x) G N be the cardinality of the set {j : Xj - 0}. It is easily seen that dim K X S = 1 + d(x) holds for 
every x G S. Now consider the group 

GL(F) := {g G GL(V) : g(F) - F} . 

Every g G GL(F) leaves S* and hence also H := {x G R n : c/(x) > 0} invariant, that is, g is the product 
of a diagonal with a permutation matrix. Inspecting the action of GL(F) on {c G F : d(c) = n — 2} we 
see that GL(F) as group is generated by R + - id and certain coordinate permutations. As a consequence, 

00 = R<5- Now suppose that there exists a non-zero vector field £ G 0i. Then £ = q(z, z)9/q z for some 
symmetric bilinear map q : C™ x C™ — > C n with q(c, z)d/g z G C<5 for every c G C n . Because of q ^ 
symmetric therefore any two vectors in C n must be linearly dependent, which contradicts n > 3. Therefore 

01 = and hence 0^ = for all k > 1 by Proposition 4.4.iv. In particular, dim0 = n + 1 < dimM for 
the tube manifold M = F + iV, that is, M is not locally homogeneous. For n = 3 this gives an alternative 
proof for Proposition 6.36 in [17]. 

5.6 Proposition. Let a, a' G F - F^ q be arbitrary points. Then in case 3 < a G N the CR-manifold 
germs (M, a) and (M, a') are CR-equivalent if and only if a' G GL(F)(a). 

Proof. Suppose that g : (M, a) — > (M, a') is an isomorphism of CR-manifold germs. From 0' - q'_i® R5 
for 0' := hol(M', a') Proposition 4.4.iii implies that 5 is represented by a linear transformation in GL(V) 
that we also denote by g. But then g(F) C S with S defined in (5.5). Because g(F) has empty intersection 
with H we actually have g(F) C F. Replacing g by its inverse we get the opposite inclusion, that is 
3GGL(F). □ 

6. Levi degenerate CR-manifolds associated with an endomorphism 

The lowest CR-dimension for which there exist homogeneous CR-manifolds that are Levi degen- 
erate but not holomorphically degenerate is 2. The construction recipe below will give, up to local affine 
equivalence, all amnely homogeneous conical tube submanifolds of C n with CR-dimension 2. Indeed, it 
is based on the following simple observation: Suppose that F C V := R n is a conical locally linearly 
homogeneous submanifold of dimension 2. Denote by a the Lie algebra of all linear vector fields on V 
that are tangent to F. Then, fixing a point a G F, there exists a 99 G End(F) with (p{x)d/Q x G and 
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T a F - Ra © R(/?(a). Therefore, the orbit if (a) under the subgroup H := {exp(r id +tip) : r,t G R} is an 
(immersed) surface in V having the same germ at a as F. 

6.1 Construction recipe. Throughout this section let 1 < d < n be arbitrary integers and V a real vector 
space of dimension n. Let furthermore tp G End(F) be a fixed endomorphism and rj C End(V) the linear 
span of all powers ip k for k - 0, 1, . . . , d — 1. Then ff := exp(h) C GL(V) is an abelian subgroup, and 
for given a G V the orbit F := ff ( a ) is a cone and an immersed submanifold of V (not necessarily locally 
closed in case n > 4). Furthermore, the tube M = F + iV C E is an immersed CR-submanifold of E. 

6.2 Cyclic endomorphisms and vectors. A vector a E V is called cyclic with respect to <p G End(F) 
if the p k (a), k > 0, span V. This is equivalent to a, ip(a), . . . , tp n ~ l (a) being a basis of V. We call 
ip G End(F) cyclic if it has a cyclic vector and denote by Cyc{V) C End(F) the subset of all cyclic 
endomorphisms. If a, b G V both are cyclic vectors of ip then there exists a transformation g G R[</?] C 
End(F) with 6 = g(a). But 5 commutes with every element of the group H - exp(h) and hence maps the 
orbit if (a) onto H(b). In particular, the CR-isomorphism type of M - if (a) + iV only depends on <p and 
d, but not on the choice of the cyclic vector a. To emphasize this dependence we also write M v ' d for M 
and for H(a), but only if (p is cyclic. We tacitly assume that a choice for a cyclic vector a has been 
made. In case d = 2 we even write M v and F v instead of M v ' 2 and F v ' 2 , respectively. The following 
proposition shows the relevance of these manifolds in our discussion. 

6.3 Proposition. For F = H(a) and M = F + iV as in 6.1 the following conditions are equivalent: 

(i) ho[(M, a) has finite dimension. 

(ii) a is a cyclic vector of ip. 

If these conditions are satisfied, M is a minimal 2-nondegenerate homogeneous CR-manifold with CR- 
dimension d and Levi kernel K a M - Ca. 

Proof, (i) =>■ (ii) Condition (i) together with the homogeneity of M implies that M is minimal. Let W C V 
be the linear span of all vectors p k (a), k > 0. Then H C R[y?] implies H(a) C W and hence W - V by 
the minimality of M. Therefore, a is a cyclic vector, and the (p k (a), < k < d, form a basis of the tangent 
space T a F. In particular, F has dimension d, which is also the CR-dimension of M. 
(ii) (i) Suppose that a is a cyclic vector of ip. Lemma 3.2 gives Ra C K a F since F is a cone in V. For 
the proof of the opposite inclusion fix an arbitrary w <G T a F with w Ra. Then w = Y^q Cj(pi{a) with 
c„ / for some 1 < m < d and (p d ~ m (w) £ T a F shows w £ K a F by Proposition 3.7. Therefore, M 
is 2-nondegenerate by Corollary 3.6 and K a M - Ca. It remains to show that M is minimal at a. But this 
immediately follows from Proposition 3.8. □ 

For the manifolds M = M v ' d it is possible to compute the Lie algebras q - ho((M, a) in 'most 
cases'. Clearly, the Lie algebra qq contains the d-dimensional Lie algebra f) (as before, qq is canonically 
identified with a linear subspace of End(V)). In the Propositions 6.5 and 6.17 we will show that the 
equality = fl_i © f) holds for all (p in 'general position'. 

Suppose that ip G End(V) has the cyclic vector a G V and that the integer d satisfies 1 < d < n. Let 

s 

(6.4) Xip := l\(X - \j) nj G R[X] , n 3 > 1 , 

3 = 1 

with mutually distinct eigenvalues Ai, . . . , A s G C be the characteristic polynomial of ip. Let furthermore 
a\, . . . ,a n be the family of all roots of x<p> that is, each Xj occurs -times in this string. As usual, 
ai, . . . ,a n is called an arithmetic progression in C if there exists a j3 G C such that, after a suitable 
permutation, ctj - a\ + (j — \)(3 for all 1 < j < n. 

6.5 Proposition. Let M = M v ' d and q := ho((M, a) for a cyclic vector a G V D M of ip. Then g = f) 
fioids if one of tne following conditions is satisfied. 

(i) d = 2 and the characteristic roots ot\ , . . . , ct n ofipdo not form an arithmetic progression. 

(ii) d > 3 and s > d. 
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For the proof we need several preparations. To simplify the notation at various places let us introduce 

(6.6) S := {1, . . . , s}, m :- d — 1 and m k := n k — I for all k G S . 
For every K C S define furthermore 

(6.7) A K := {(3 jk :j£S,k£K} with /3 jk := (A,. - A fe , A* - A 2 fc , . . . , A J 1 - A^) G C m 

and denote by J£T the set of all non-empty subsets K C S such that there exist subsets P C Q C (S \ K) 
with the following two properties, where the maximum over the empty set here is defined to be : 

(i) Y,keK n k + Eg £ Q"5 > d + max - 1 : p G P} . 

(ii) To every /3 € Aq\ Ak there exist uniquely determined j £ S and q <E Q with /? = such that 

rij < n q and q € P. 

Notice that Jff contains every subset K C S with X^fcex n k > d (just take Q = 0). In the following 
Lemma we show that (i) or (ii) in Proposition 6.5 will follow from a more general technical condition that 
will allow us to give a uniform proof of 6.5 for all d. 

6.8 Lemma. Suppose that s > d and f] K€J ^ Ak = {0} holds. Then one of the conditions (i) and (ii) in 
Proposition 6.5 is satisfied. 

Proof, d = 2: Assume that cci, ... ,a n is not an arithmetic progression and that there exists a non-zero 
f3 G n^ g ^ Ak- We claim that Ai, . . . , A s is an arithmetic progression: Otherwise s > 3 and there exists 
a k with 1 < k < s such that, without loss of generality, Xj - Ai + (j — \)j3 for all 1 < j < k and 
Ai — j3 ^ X r ^ Xk + (3 for all r > k. For every j > k the set &{k,j] contains the number (3, that is, there 
is an r G S with X r - X k + f3 or X r - Xj + (3. The first possibility violates our assumptions. In the second 
case necessarily r > k must hold since r < k would imply Xj = Ai — [3 and thus the second possibility 
cannot be true for all j with k < j < s. This proves that Ai, ... , A s is an arithmetic progression and also 
s < n by assumption. In particular, nj > 1 for some j G S. Next we claim that {1} G and {s} G JT: 
To see that {1} G J^, let fc G {1, ... , s} be minimal with n k > 1. With P :- Q :- {k} \ {1} condition 
(6.7). ii is fulfilled and the first part of the claim follows. A similar argument proves also {s} G J^. But 
then A|!} n A| s } = {0} gives a contradiction. 

d > 3: Suppose that 4 f3 jk G f\ eJf and that s > d. Then L := 5 \ {/c} G (with Q = 0) 
and there are ^ G L, r G 5 with [3j k = (3 r £. Since d > 3, the equation [3j k - (3 r e implies k = £, a 
contradiction. □ 

Proof of Proposition 6.5: It is enough to assume that the assumption of Lemma 6.8 is satisfied. Consider 
the decomposition E = E\ © ■ • ■ © E s with E k the kernel of (if — X k ) n for every k G S. Denote by 
7r k : E — > E k the canonical projection and by e k : E k — > E 1 the canonical injection. Then := 7Tfc(a) is 
a cyclic vector for ip k := Tr k tpe k G End(£ , / C ). Furthermore, if we put cr£ := (ip k — X k y(a k ) for all j > 0, 
then a° k , . . . , a™ fc is a basis of £ fc . With m = d - 1 as defined above let <D := (if 1 , . . . , ip m ) G End(F) m . 

For every real (or complex) vector space W and all tuples t - (t\ , . . . , t m ) G R m , w = (w\ , . . . , w m ) G 
W m let us write as shorthand t-w :- J2jtj w j- F° r every t G R m the point e*' a '(a) is contained in 
F = MHV. 

Now fix an arbitrary /i G go C End(F). Since the vector field u, is tangent to F, to every i G R m there 
exist real coefficients ro, r\ , . . . , r m with 

m 

(6.9) ^e*-%) = i2e*-%) for P:-^r^ £ . 

Actually, every has to be considered as a real valued function on R m . Put 

fi k := 7T kf i and 7V fe := ((<p k - X k ), . . . , (fT - XT)) G End(£) m 
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for all k £ S. Applying ir k to (6.9) gives 

s 

e tNk R(a k ) = ^V^/Zfee'-^Xaj) with 
3=1 

X>x for QkAt)--=T,Q x i~ ir t® ■ 

For every subset B C C m denote by J^(B) C C(R m , C) the smallest linear subspace containing all 
functions /i(t)e t /3 with (3 G B and h £ C[t] = C[ti, . . . , i m ] a polynomial function on R m . Then it is 
well known that every / G &{B) has a unique representation / = Xw3e.B f^e*' 10 with G C[t] and 
{(3 £ B : / [/3] 7^ 0} finite. Since t-iVj is nilpotent, i.e., e ±l ' N i are polynomial, as a consequence of the 
identities (6.10) we get for every K C S 

(6.11) Qkj G J^{A K ) for every k G K and < j < m k . 

Denote by ^ the set of all subsets B C C m with 77 G &{B) for all £ 
Claim 1: f] KeJ( r a k G tiat is, r £ G C[t] for aii £. 

Proof of the claim. Fix an arbitrary K G Jf and let P C Q be as in the definition of JXf. Since ^ is 
closed under intersections it is enough to show Ak G Assume to the contrary that this is not true. 
Consider the linear system of equations for the rg, compare also 6.16, 

(6.12) QkJ = X l~ jr e G ^( a kuq) for all k G K U Q and < j < m k . 

1=3 

The coefficient matrix is of generalized Vandermonde type and hence has rank d - m + 1 since by the 
definition of the number of equations is at least d. This implies rg G ^{Ak U Aq) for all t. Since by 
assumption not all rg are in ^(A^ ) there is a G Aq\ A^ such that the /3-components G C[i] do not 
vanish for all ^ simultaneously. By the definition of there are uniquely determined p G S and q £ P 
with /3 = /3 P q. Define L := iY U Q \ {g}. Since /3 g" Al we get from (6.10) the following linear system 

m 

(6.13) gJS = ^ Q^k j rf ] =0, where fc runs through L and < j < m k . 

e=j 

By the very definition of K, P and Q it follows that the above linear system consists of at least d — 1 
equations. Consequently we can write it in the form: 

m— 1 

2 @ A fe~ Jr f 1 6 Cr m for all & G L and < j < m fc . 

e=j 

Since its coefficient matrix is of generalized Vandermonde type, every is a complex multiple of r\@} 
and, in particular, r^} ^ 0. We claim q^q ^ 0. Indeed, otherwise we could add the equation gj^J = to 
the linear system (6.13), which then has a coefficient matrix of generalized Vandermonde type with rank 
d contradicting ^ 0. Denote by D the degree of pj^j = £^ A^rf 3 ] . Then D = deg ^ = deg > 
and all rg and £>]f J have degree < D. The equations (6.10) imply (replace k by q, form the /3-components 
for (3 :- (3 pq and carry out the multiplication with e l ' Nq ) 

m q m q 

(6-14) /V^(a p ) = e^J2^H-J2(fd P i + 93H 



(6.10) 



Re tNk (a k ) = 
R(a k ) = 
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for certain polynomials fj,gj G C[t] with deg(gj) < deg(/j) = j. Comparing degrees on both sides in 
(6.14) and keeping in mind n p < n q (by the definition of ) we get 

D + m q = deg(f mq Q l ® mq + g mq ) < m p < m q . 

This contradicts ^ and Claim 1 is proved. □ 
Claim 2: Every r£ is a constant polynomial. 

Proof of the claim. Fix a k G S with D := deg^j^o) = rnax je s deg(^ J; o)- With s > d a Vandermonde 
argument applied to the linear system gjfi = J2e ^j r t' j e gi yes that every re has degree < D. As in 

(6.14) we have 

(6.15) Hke^^iak) = e l ' Nk Sk,3 a i = Yj (fjBkfi + 9j)a{ 

3=0 3=0 

for polynomials fj, g 3 G C[t] with deg(gj) < deg(/j) = j. All coefficient polynomials in (6.15) in front 
of the a 3 k have degree < m^, that is D + < and hence D < 0. This proves Claim 2. □ 



The proof of 6.5 now is complete: Indeed, since F contains a basis of V, the endomorphism fi is uniquely 
determined by the function tuple (ri), that is, dim 30 < d - dim h. □ 

6.16 Remark. For given tuples Ai, . . . , A a G C and n\, . . . ,n s G N with nk > 1 and n :- J2 n k let 
L :- {(k,j) :l<k<s,0<j< n/J endowed with the lexicographic order. Then it can be seen that 
the following n x n-matrix (every entry with t < j is zero) 

(Oxt^ has determinant TT(A„ - X v ) n ^ . 

\\3> * J 0<£<n,(k,j)€L 1 1 « f 

p<q 

Notice from the proof of 6.5 that the condition f] K€je Ax = {0} guarantees that every /i e go 
leaves every generalized eigenspace £7- of ip invariant, while s > d guarantees that every such u, actually 
is in h. In the next section we will see that the condition (i) in Proposition 6.5 for d = 2 is optimal, compare 
Proposition 7.3. 

6.17 Proposition. Let M = M v ' d and assume that q - t) for q = ho((M, a). Then q = aff(M, a) and 
out(M, a) - 0. 

Proof. For the proof of g - off(M, a) it is enough to show 01 = by Proposition 4.2.iv. This is more 
easily done in the more general complex setting, compare the following Lemma 6.18. Finally, counting 
dimensions yields aut(M, a) = 0. □ 

It remains to show the next Lemma. As before,we identify the spaces End(E') and *Po, see (4.1). 

6.18 Lemma. Let ip e Cyc(E') be an arbitrary cyclic endomorphisms. Forgiven integer d < n - dimE 
let furthermore f) be the complex linear span of all powers ipi ,0 < j < d. Then 

{£e<Pi:[<P_i,£]Ch} =0. 

Proof. We identify E with C n in such a way that the matrix CD of ip is in Jordan normal form, more 
precisely: O is a block diagonal matrix with Jordan blocks J\, . . . , J s , where each block J; is lower 
triangular, has the eigenvalue A^ on its main diagonal and is of size n\ x m for some ni > 1. We also 
introduce an equivalence relation on {1, . . . , n} in the following way: Put j ~ k if the j th row and the k th 
column in O intersect in one of the Jordan blocks. 

Now suppose that there exists a non-zero vector field £ G ^$1 with C h. This £ has a unique 
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representation 

n 

Z= 4 kz 3 z k d ldz p with cf = c^ec. 

j,k,p=\ 

For every j < n the vector field d/g Zj is contained in Therefore 

1 n 

k,p=l 

is contained in t) implying c p k = if k ^ p and, by symmetry, c p k = if j ^ p. This implies 
(6-19) G-EE^Av 

By assumption £ 7^ and therefore £ r 7^ for some r < n. Without loss of generality we may assume 
r ~ 1. Replacing 99 by (99 — Ai) we also may assume Ai = 0. Put 6 := n\, that is, the Jordan block Ji has 
size 6x6 and is nilpotent. Define for all 1 < p, k < b 

rip ■= zi d /dz p + z 2 d /dz p+i + ■■■ + Zb+i-p d /dz b , 



b s 

D fc := £Vj and Vfc := ¥> fc_1 Y[(<P " A ^ G End ^ ■ 

j=k 1=2 

From (6.19) we know £j G S)i (~1 f) for all j < 6. In particular, 

& = E4V ^i^ 1 -* ^-f andhence 

, L otherwise 

p=i 



for all j due to the symmetry of c J p k in the upper indices. As a consequence there exists a minimal q < b 
with q > 1 and c l q l 7^ 0. But then £,b+i- q - c l q l r] b implies i] b E Df, n f). We show that this cannot be true: 
Since as polynomial in 99 has constant term A2A3 . . . A s 7^ 0, we get that tpk spans ®k over T>k+i 
for every > 1. This implies rjf, - Y0j=i e j l P :i ~ l f° r suitable real coefficients ej with e n 7^ and thus 
% £ I). □ 



For the application of Proposition 3.10 to manifolds of the type M - it is necessary to know 

when M is simply connected and when Aut(M, a) is the trivial group. 

A sufficient condition for M v ' d (and F v,d = H(a)) to be simply connected is the following: There exist 
eigenvalues Ai, . . . , A^ of 99 such that det(A + A) 7^ 0, where A = (tf~ l )i<j,k<d is the corresponding 
Vandermonde matrix. 

To get a partial answer to the second question consider to given e € R* a g 6 GL(y) with g(a) = 
a and g(pg~ l = sip. From g(p k g~ l = (eip) k we get g{(p k {a)) = s k (p k {a) for all fc > 0, that is, g is 
uniquely determined in GL(V) by the above assumptions since 99 is cyclic. A further consequence is 
g exjp(t(p k )g~ l = exp(te fc 99 fe ) for all t € R and k > 0. This means gHg~ l - H for the group H = exp(h). 
But then g(F) - F for F = H(a) and consequently g £ Aut(M, a). 

Notice that we always may assume without loss of generality that 99 € Cyc(F) has trace (otherwise 
replace 99 by (99 — c id) € End(F) for c := n~ l tr{(p), since this procedure does not change the algebra 
f>). 
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6.20 Lemma. Suppose that 2d < n + 1 for n = dim V and that ip is trace-free. Suppose in addition that 
out(M, a) = holds for the cyclic vector a G V and M := M^> d . Then 

Aut(M, a) = {g G GL(F) : 5(a) = a and 5995" 1 = ±<p} . 

In particular, Aut(M, a) aiways has order < 2 and is trivial, for instance, if the spectrum of ip in C is not 
symmetric with respect to the origin of C. 

Proof. By Proposition 4.8 the assumption aut(M, a) = implies gi = and go = h. As a consequence 
of Proposition 4.10 therefore Aut(M, a) = {g G GL(V) : 17(a) = a and ghg -1 = h} holds. Let g G 
Aut(M, a) be an arbitrary automorphism. Then gtpg~ l = Y^j=o c j^ f° r rea l coefficients c 3 and m := 
d — 1. We show by induction on that c, = holds for all j > m/& and all 1 < k < m. For k - 1 this 
is obvious. So fix a > 1 with k < m. By induction hypothesis g<p k g~ l - (Yl c j c P'') - Y^e™o e ^ ( P £ e ^ 
with real coefficients e^. Since 2m < n by assumption, we must have ei - for all £ > m, that is Cj = 
for all j > m/k. For k - m this implies e, = for all j > 1. Taking traces finally gives g<pg~ l - eip 
for e := ci. By the above example 99 cannot be nilpotent, that is, 99 has non-zero spectrum in C. Since this 
spectrum is invariant under multiplication with e necessarily e = ±1 holds. □ 



7. Homogeneous 2-nondegenerate manifolds of CR-dimension 2 

In this section we specialize to homogeneous tube manifolds M - F + iV in E - V ® iV oi CR- 
dimension 2, that is, where F C V is a surface of dimension 2. We begin with manifolds of type M v = 
M^* 2 that are obtained by the construction recipe 6.1. Since Propositions 6.5 and 6.17 of the preceding 
section do not cover the case where the characteristic roots ai, . . . , a n of ip G Cyc(V), n = dim V, form 
an arithmetic progression, let us discuss this case first: 

Possibly after replacing ip by tp — r id with an appropriately chosen constant r we may assume without 
loss of generality that ip is trace-free. Since multiplication of ip by any non-zero real number does not 
change the algebra h = R id ©R</?, there are essentially 3 different cases for tp with characteristic roots 
forming an arithmetic progression - either <p is nilpotent or ip has pairwise different characteristic roots 
in R or in iR. Consider the manifold M := A4 2 '™ -2 = J^ 2 > n ~ 2 + %y from Example 5.1. As already 
remarked in 5.1 the conformal subgroup H 1 := R + -SO(2) C GL(2,R) acts transitively on T 2 ' n ~ 2 . 
The corresponding Lie algebra is h ; := Rid©R(/9 ; , where ip { := — G go is a trace-free 

semisimple endomorphism with eigenvalues in iR, see (5.2) for the notation. Next consider the subgroup 
W := R + - SO(l, 1) C GL(2,R) with Lie algebra h r := Rid©R^ r , where ip, := f 1 - 1 + f" 1 ' 1 G g is a 
trace-free semisimple endomorphism with real eigenvalues. In particular, H r (a) is open in H l (a). Finally, 
consider the solvable subgroup 

H z := j ^ °) G GL(2,R) : a > o} with Lie algebra h z := Rid©Rv? z , 

where ip z := only has zero eigenvalues. Again, the orbit H z (a) is open in H l {a). This implies that 
the manifolds M Vr and M Vz are open subsets of M Vi = J\A 2,n ~ 2 and hence that all three of them are 
locally CR-equivalent. Since J\4 2,n ~ 2 is minimal as CR-manifold the endomorphisms ip { , ip x and ip z have 
a as cyclic vector by Proposition 6.3 (what also easily can be verified). By construction, the characteristic 
roots of the endomorphisms ip { , tp r and ip z form an arithmetic progression and represent the three types 
with imaginary, real and zero characteristic roots. The estimate dim go > 4 > dim for ip = ip { , ip r , ip n 
together with Propositions 6.5 and 6.17 implies that the characteristic roots of all 3 endomorphisms form 
an arithmetic progression. Summing up we have proved the following result. 

7.1 Proposition. Let tp, ip' G End(F) be endomorphisms with cyclic vectors a, a' G V. Assume that for 
both endomorphisms the families of characteristic roots o>\, . . . ,a n and a[, . . . , a' n form an arithmetic 
progression. Then the germs (M v , a) and (M v , a') are CR-equivalent. 

We can use Proposition 7.1 to get explicit global equations for every M v where the characteristic 
roots of ip G Cyc(V) form an arithmetic progression: Indeed, we may take ip :- from (5.2) on C m+1 
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with coordinates (zq, z\, . . . , z m ) and a := (1,0, ... ,0). Then <p is nilpotent and S := exp(R</?)(a) = 
{(1, t, t 2 , . . . , t m ) : t G R}. Consequently, = F + iV is the tube over the cone F generated by S 
(that is F = R + -5). As a consequence, F is an open piece of the algebraic surface given by the following 
explicit system of quadratic equations on R m+1 with coordinates (xo, x\,..., x m ) 

(7.2) XQXj+i = x\Xj for < j < m . 

This can be reformulated also in the following slightly different form: Let C := {(t, t 2 , . . . , t n ) : t G R} 
in R n be the twisted n-ic (also called twisted cubic, quartic etc, see [23] for interesting properties of 
these curves). Then the cone R + -C generated by C is a nonsingular surface outside the origin and the 
corresponding tube manifold is locally CR-equivalent to M v with 92 as in 7.1. The twisted n-ic will also 
show up in another type of examples, compare 7.10. 

Next we extend Propositions 6.5 and 6.17 to the case d - 2 where the characteristic roots of ip 
do form an arithmetic progression. Recall that for the light cone tube hA = A4 2,i the Lie algebra g = 
hol(.M, a) is isomorphic to so(2, 3), compare [26], [19]. In particular, go = gl(2, R) and dim gi = 3 in this 
case. 

7.3 Proposition. Assume that the characteristic roots of if G Cyc(V) form an arithmetic progression. 
Then for M - M^, n - dim V and q = ho((M, a) the following properties hold. 

(i) go is isomorphic to g[(2, R) and hence has dimension 4. 

(ii) q = aff(M, a) in case n > 4. In particular, dim q = n + 4 in this case. 

Proof, ad (i): We may assume that A ; = (1 — n)/2 + (j — 1) for all j G S using the notation in (6.6) and 
(6.7). Then f] K€ r = {—1,0, 1}. Solving (6.9) for ro, r\ gives that all pairs 

ro - (n — l)(ue~* + vo — we t ) 
(7.4) _. A , 

n = 2(ue + v\ + we ) , 

u,vo,vi,w G R arbitrary, form the solution space. This implies dim go = 4. Since M is locally CR- 
equivalent to M 2 ' n ~ 2 the Lie algebra go contains a copy of gl(2, R), that is go = gl(2, R). 
ad (ii): Let n > 4. We may assume that for m - n — 1 the Lie algebra go is the linear span of the vector 
fields (5.2). For every v £ Z 2 let q v := {£ G g : = v& for j = 1,2}. Then q u C g fc for 

k - (y x + u 2 ) j m and 

5=05" with urWicjT", 

compare also (3.5) in [19]. Clearly i®/Q Zk G Q- k ' k ~ m for all < k < m. Because of Proposition 
4.2.iv it is enough to show gi = 0. Assume to the contrary that there exists a non-zero £ G Q\. Then 
we may assume without loss of generality that £ G g fc > m-fc for some k G Z. Let c be the cardinality of 
{0 < j < m : ., £] ^ 0}. From g - 0" 1 - 1 © g°'° © g 1 '" 1 and [z% Zj . , £] G *-w-* we see c < 3. 
Assume c = 3, which implies < k < m. From [9/q z .,^] ^ for j = k ± 1 and the special form of 
we see that £ must depend on all n variables, a contradiction to n > 3. But c < 2 also 
gives a contradiction since in all spaces g -1 ' 1 , g°'°, g 1 ' -1 every non-zero vector field must depend on at 
least n — 2 variables. □ 

Recall that Aut(M) is the group of all global CR-automorphisms and Aff(M) is the subgroup of all 
of affine transformations of M. 

7.5 Proposition. Let ip G End(F) be a trace-free cyclic endomorphism. Then the groups Aut(M) and 
Aff(M) coincide. Furthermore, with n = dim V the following dimension estimates hold. 

(i) dim Aut(M) = n + 4 if the characteristic roots of ip are pairwise distinct and form an arithmetic 
progression in iR. 

(ii) dim Aut(M) = n + 3ifip is nilpotent. 

(iii) dim Aut(M) = n + 2 in all other cases. 
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Proof. Let F := M n V and denote by o C g = ho[(M, a) the Lie algebra of Aut(M). Since a contains 
the Euler vector field we have a = a_i © ao © ai for dj := o n Qj. We first determine dim oo- Because of 
fj := Rid ©R99 C oo we have dim ao > 2. 

In case (i) M is CR-equivalent to M 2 ' n ~ 2 , compare Example 5.1. Therefore GL(2, R) acts transitively on 
F and dim ao = 4 by Proposition 7.3. 

Next consider the case (ii), that is, p is nilpotent. Then ao consists of all £ G go C End(F) with £(c) G Rc 
for all c G <9F := F \ F, where F is the closure of F in V. We may assume that a - (1, 0, . . . , 0) G R n 
and v? - f 1 - 1 in the notation of (5.2). This implies F - {e a (l,t,t 2 , . . . ,t n ~ 1 ) G R n : s,t G R} and 
hence dF - Rc for c := (0, . . . , 0, 1). Therefore, ao is the linear span of (\, (2 and and dim ao = 3 
in this situation. 

Next consider the case V - V\ © Vi © . . . © V n where every Vj is the ((1 — n)/2 + (j — 1)) eigenspace of 
ip, that is, the characteristic roots of p form an arithmetic progression in R. Here dF - V\ U V n is easily 
verified. The vector fields in go are characterized by the function tuples (ro,ri) in (7.4). The condition 
£(Vj) C Vj for j - 1, n implies that vq, r\ are constant for every £ G ao, that is ao = f). On the other hand, 
if the characteristic roots of p> do not form an arithmetic progression, then also go = f) by Proposition 6.5. i, 
that is, dim ao = 2 always holds in case (iii). 

Next we show ai = in all cases: For n > 4 this follows from gi = 0, see Proposition 7.3.ii. In case (iii) 
we have ao = f) and the claim follows with Lemma 6.18. Therefore we only have to consider the cases 
(i) and (ii) for n - 3. In case (i) M is the future light cone tube M and Aut(A'f) = AS(M) follows as a 
special case of Proposition 6.9 in [26]. In case (ii) M is a proper domain in M.: We realize M. - T + iR 3 
in C 3 with coordinates (zq,zi,Z2) as T = {x G R 3 : £022 = x \ and xo + £2 > 0}. Then ho((A4) 
is the linear span of the vector fields (3.5) and (3.7) in [19]. We may assume without loss of generality 
that ip = £" 1 ' 1 = 2zid/ dzQ + z 2 d/g zv This implies M \ M = R + -c + iR 3 for c := (1,0,0) G T. We 
know akeady that a is the linear span of the vector fields C\, Ci and £ -1,1 . From Figure 1 and (3.7) in [19] 
we therefore derive that either ai = or ai = R£ ' 2 for £ 0,2 := iz 2 d/Q ZQ + iz\Z2d/Q Zl + iz\QjQ Zl . The 
latter possibility cannot occur since £ 0,2 is not tangent to M \ M: Check, for instance, the point (1, i, 0). 
This proves a = g_i © ao in all cases. As in the proof of Proposition 4.4.iii it is shown that this implies 
Aut(M) = Aff(M). The above dimension estimates for ao imply the dimension estimates in (i) - (iii). □ 

Next we solve the local as well as the global CR-equivalence problem for all manifolds M v . Be- 
cause of Proposition 7.1 in the local situation only the case has to be considered where the characteristic 
roots of if do not form an arithmetic progression. Recall that without loss of generality we always may 
assume that ip is trace-free. 

7.6 Proposition. Let ip, p' G End(F) be trace-free cyclic endomorphisms with characteristic roots 
cci, . . . , a n and a[,...,a' n respectively. Suppose that the a\ , . . . , a n do not form an arithmetic progres- 
sion. Then for given cyclic vectors a, a' G V and corresponding M - M v , M' - M v the Lie algebras 
ho[(M, a) and aff(M, a) coincide. Furthermore, the following conditions are equivalent. 

(i) The Lie algebras f)ol(M, a) and f}ol(M', a) are isomorphic . 

(ii) The germs (M, a) and (M', a') are CR-equivalent. 

(iii) gtp'g' 1 = rp for suitable g G GL(V) and r G R*. 

(iv) There exists a permutation ir G & n and an r G R* with 01 ■ - ra n (j) for all j. 

Proof, q := ho[(M, a) = aff(M, a) and dimg - n + 2 follows from Propositions 6.5 and 6.17. 

(i) => (ii) With g also g' := ho[(M', a') has dimension n + 2. Therefore also a[, . . . , a' n do not form an 
arithmetic progression, see Proposition 7.3. This implies go = f), g = f)' and (ii) follows with Proposition 
4.11. 

(ii) (iii) Let g be a CR-isomorphism (M, a) — > (M',a'). Then g G GL(V) as a consequence of 
Proposition 4.4.iii. and clearly gt)g~ l = I)'. Since ~R<p' C h' is precisely the subset of all trace-free 
endomorphisms (iv) follows. 

The remaining implications are easy to check and left to the reader. □ 
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7.7 Proposition. Let tp, tp' G End(V) be trace-free cyclic endomorphisms and M := M v , M' :- M^' . 
Then the following conditions are equivalent. 

(i) The groups Aff(M) and Aff(M') are isomorphic. 

(ii) M and M' are globally CR-equivalent. 

(iii) g<p' ' g~ x - rtp for suitable g G GL(V) and r G R*. 

Proof, (i) =4> (iii) Suppose that (i) holds. Because of Proposition 7.5 we may assume dim Aut(M) = n + 2 
without loss of generality. Then (iii) follows from Proposition 7.6 if at least for one of the ip, ip' the 
characteristic roots do not form an arithmetic progression. In the remaining cases the claim follows from 
Proposition 7.5 since for both endomorphisms the characteristic roots form an arithmetic progression in 
R and are pairwise distinct. 

(iii) => (ii) => (i) is obvious since Aut(M) = Aff(M) and Aut(M') = Aff(M') by Proposition 7.5. □ 

7.8 Some moduli spaces. For fixed n - dim V let be the space of all global CR-equivalence classes 
[M v ] of manifolds M v with tp G Cyc(V), that is, every [M v ] is the set of all that are globally 
CR-equivalent to M v . Furthermore put 

<D := {p G Cyc(V) : tr(p) = 0} and J(* := {[M v ] G Jl : tp G O, p n 4 0} . 

The reductive group R* x GL(V) acts on End(V) by p i-> rgtpg~ x for every (r, g) G R* x GL(V) and 
leaves the cone <1> invariant. By Proposition 7.7 can be identified as set with the quotient cp/(R* x 
GL(F)). This quotient can be built in several steps: For every j let aj(p) € R be the j' th elementary 
symmetric function in n variables evaluated on the characteristic roots of ip, that is, 

n 
3=2 

is the characteristic polynomial ofp£0. Let W := R n_1 with coordinates (X2, . . . , x n ) and denote by cr : 
<1> — > W the mapping given by ip ^ (^(y), . . . , a n (ip)). Since every real polynomial factors in a product 
of linear and quadratic real polynomials, the map a is surjective and ^# can be canonically identified as 
set with the quotient W^/R*, where R* acts on W by (X2, X3, . . . , x n ) i-> (t 2 X2, t 3 X3, . . . , t n x ra ) for every 
t £ R*. The subgroup {±1} C R* leaves the sphere S n ~ 2 - {x G W : J2 X ) = U invariant and 
can be identified with the quotient Q n ~ 2 := S' n_2 /{±1}. In general, Q n ~ 2 can be stratified into a finite 
number of manifolds. For instance, Q l is a compact line segment and Q 2 is homeomorphic to the sphere 
S 2 . At this point a word of caution is necessary: We do not give a topology to the topology on Q n ~ 2 
only serves for the readers imagination. 

Instead of ^# we can also consider the space of local CR-equivalence classes for manifolds of 
type M v . By our results this space is of the form .Jtj^ , where the equivalence relation ~ on .J{ just 
identifies the 3 equivalence classes [M v ] G such that the characteristic roots of tp form an arithmetic 
progression. Clearly, «^#/~ = ^*/~ can be obtained by identifying two points in Q n ~ 2 . In the spacial 
case n - 3 the endpoints of the line segment C} 1 have to be identified, that is, ^ can be thought of in this 
case as the circle R := R U 00 (without topology) where the point 00 corresponds to the class represented 
by the future light cone tube M. To be more specific, call in case n - 3 for every tp G O 

(7.9) viM*) := -12^E}L e r 

a 3 (tpY 

the modulus of the CR-manifold M v (with t/0 := 00 for all t G R). It is clear that M v and in case 
n - 3 are locally CR-equivalent if and only if they have the same modulus. A special meaning has the 
modulus hq :- 27/4: For real moduli > /j,q the endomorphism tp has 3 distinct real eigenvalues while in 
case of real moduli < jiQ the endomorphism tp has one real and two purely imaginary eigenvalues. 
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7.10 Another type of examples. For k = 3 and c > 1 let V, T = GL(2, R)° and a = v% + u x u™~ x G V 
be as in Example 5.1. Consider the subgroup 

(7.11) S:= J) :aGR + ,/3GR} C T. 

Then F := E(a) is a homogeneous surface in V. For o := u™ the orbit C := S(o) is a homogeneous curve. 
Identify F and R m+1 with coordinates (xq, xi, . . . , x m ) as in Example 5.1. Then a = (1, 1,0, ... ,0), o - 
(1, 0, . . . , 0) <G R m+1 and the Lie algebra of X corresponds to the linear span of the two vector fields Ci 
and in (5.2). In particular 

C = {(\,t,t 2 ,...,t m ):t£R} 

and T Q C = R-6 with b :- (0, 1, 0, . . . , 0) for the tangent space at o G C. On the other hand, the affine 
halfline o + R + -6 is contained in F. The geometric meaning of this is the following: The development 
S := U c ec( c + ^cC) of the curve C is divided by C in two X-orbits, one of which is F (compare [15], 
p. 45 for the special case m - 3). Now identify the S-invariant hyperplane W := {x e V : xq = 1} 
with R m by 'dropping the coordinate' xq. Then C becomes the twisted m-ic {(t, t 2 , . . . , t m ) : t G R}, 
o becomes the origin and a the first basis vector (1, 0, . . . , 0) in R m . In the coordinates of R m the vector 
fields (i and are affine and have the forms 

(7-12) s, -^.r-/V. ( and £ l >~ 1 = % Zi + J^j^j-^/dzj ■ 

J=l 3=2 

With Proposition 3.7 it is easily verified that K r a F = {x G R m : Xj = if j + r > 2} for all r > 0. Since 
the twisted m-ic is not contained in any hyperplane of R m we therefore get that the tube M := C + iR m is 
a homogeneous minimal 2-nondegenerate submanifold of C m with CR-dimension 2 and CR-codimension 
m — 2. Notice that for the cone R + -F generated by F in V the tube ~R + -F + iV is an open piece of M 3,n ~ 3 , 
n :- m + 1, and hence is 3-nondegenerate. 

Denote for every integer j by the fc-eigenspace of ad(Ci) in g := ho((M, a). Then every £ G (j) is a 
complex linear combination of monomial vector fields z^' z^ 2 ■ ■ ■ z 1 ^ 1 ®/dz w i tn v \ + ^^2 + • • • + rnu m = 
j + p. As in the proof of Proposition 4.2, it is shown that q has the Z-gradation 

(7.13) = «. 

j> — m 

It can be seen that is the linear span of all i®/Q z ., 1 < j < m, as well as £j and £ 1,_1 . In particular, 
is a solvable Lie algebra of dimension m + 2, coincides with aff(M, a) and has commutator subgroup of 
dimension m + 1. A proof will be sketched for the special case m = 3 in Example 8.5. 

8. Homogeneous 2-nondegenerate CR-manifolds in dimension 5 

In this section we specialize the examples of the previous section to the case V - R 3 . We start with 
manifolds of type M = M v = F v + iR 3 in C 3 , Then the local CR-equivalence classes of these manifolds 
are parameterized by the modules fi(M) G R, compare (7.9). The 99 occurring in the following examples 
not necessarily are trace-free but easily could be transformed to. As defined in the previous section let 
Hq :— 27/4. 

8.1 Example, {p. = 00) Let F := {x G R 3 : x\ + x\ - x 2 , X3 > 0} be the future light cone. This surface 
occurs as F v for tp := X2^/q Xi — %\ ®/dx2 having spectrum {±i, 0}. 

8.2 Example, (p < /io) For u> > let F C R 3 be the orbit of (1,0, 1) under the group of all linear 
transformations x 1— > r(cos tx\ — sin t X2, sin t x\ + cos t X2, e wt xi), r G R + , t G R. 

With r := {x\ + x\) 1 / 2 , the manifold F is given in {x G R 3 : r > 0} by the explicit equations 

X3 = rexp (ll>cos _1 (xi/V)) = rexp (uj sin _1 (x2/r)) , 
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where locally always one of these suffices. A suitable choice is (p - x\ 9/q X2 — X2^/q Xi + ^x^/dx-^ w i tn 
spectrum {±i,uj}. 

8.3 Example, ([i = /zo) Let F c R 3 be the orbit of (1, 0, 1) under the group of all linear transformations 

x i-» r(xi,X2 + tx\,e t X3) with r G R + , t G R, that is, 

F = {x G R 3 : xi > 0, x 3 = x^ 2 ^ 1 } . 
Here = x\9/q X2 + xj,9/q has characteristic roots 0,0, 1. 

8.4 Example, (/i, > /x ) For 9 > 2 let 

F:= {xG(R + ) 3 :x 3 = xi(x 2 /xi) fl } . 
Here 99 = X2^/q X2 + ujxj9/q x ^ has eigenvalues {0, 

The following is Example 7.10 specialized to m - 3. 

8.5 Example. Let £ be the group generated by the following two one-parameter groups 

(8.6) x i-> (e*xi , e 2 *X2, e 3 *x 3 ) , x i-> (xi + i, X2 + 2ixi + t 2 , x 3 + 3ix2 + 3i 2 xi + t 3 ) 

of affine transformations on R 3 . Then X is isomorphic to the group defined in (7.11). For a := (1,0, 0) the 
orbit F := T(a) is 

F = {(t, t 2 ,t 3 ) + r(\,2t, 3t 2 ) G R 3 : r G R + , i G R} . 

The tube M :- F + z'R 3 is an affinely homogeneous 2-nondegenerate CR-manifold. The Lie algebra of £ 
is spanned by the affine vector fields 

Ci := zi % Zl + 2z 2 d/ dz2 + 3z 3 % Z3 and ^ - 1 := d/ dzi + Zl % Z2 + z 2 % Z3 , 

compare also (7.12). The Lie algebra g := hol(M, a) is of finite dimension and has the gradation (7.13) 
for m - 3, where g^ is the fc-eigenspace of ad(£i). We claim that g has dimension 5 and coincides with 
off(M, a). The proof consists of several elementary steps which we only sketch here. To begin with, define 

fl (fc) c g (k) by 

o ( " 3) := md/ dz3 , a ( " 2) := md/ dz2 , := R*% Zl © Rip , a (0) := RC 

and := for all other k. By induction on k it is seen that g( fc ) = holds for all k: For k < — 3 this 
is obvious. For k - —2 suppose there exists a £ G fl (_2) \ o (_2) . Then £ = ad/Q Z2 + f3z\d/Q z?> for some 
a, /? G C. From [£, a (_1) ] C a ( " 3) we get G R and then £ a G T a M implies /? = 0. But then £ G a ( " 2) 
since a* -2 - 1 © ia ( ~ 2) (£_ g ( ~ 2 \ a contradiction. For k > — 1 the procedure is as follows. Suppose there exists 
a £ G 0^ \ a (k \ Then write £ as complex linear combination of monomial vector fields as mentioned 
above and subtract from £ a suitable element of thus killing as many coefficients in front of monomial 
terms of the form f(z)d/g Z[ as possible. By induction hypothesis [fl (fc) , o (j) ] C a (k+ ^ holds for all j < 
and gives £ = 0, a contradiction. This proves the claim and also the first part of the following statement. 

8.7 Lemma. Let M := F + iR 3 for F = H{a) C R 3 as in Example 8.5. Then g = ho((M, a) is a solvable 
Lie algebra of dimension 5 with commutator algebra [g, g] of dimension 4. Furthermore, Aut(M, a) = 
{id}. 

Proof. Fix a := (1 , 0, 0) G F and write £, := id/g z . for j = 1 , 2, 3. Let /i G Aut(M, a) and the induced 
Lie algebra automorphism of [ := g © ig. With g me subspaces 

n:=[0,0] = 00 (fc) , [n,n]=R6©R6 and [n,[n,n]]=R& 

fc<0 
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are stable under and hence also 

n n K a M = R£i and [n, n] n H a M = R£> , 

where g and the tangent space T a M are identified via the evaluation map. In particular, = 
and h(z) = g(z) + c for a diagonal matrix g G GL(3,R) with c = g(a) — a, compare (2.1). Taking 
commutators of h with all elements in the second 1-parameter group of (8.6) and then taking the derivative 
by t at t - gives c9/q z G 0. From q n ig - Owe conclude c = and thus g\\ - 1 for the diagonal matrix 
5. Now ip is the unique vector field in g that has the value 9/q z at both points 0, a, implying = ijj. 
Therefore g is the unit matrix and h is the identity in Aut(M, a). □ 

For every M - F + iR 3 with F C R 3 a cone from Example 8.1-8.4 the commutator of hol(M, a) 
has either dimension 10 (Example 8.1) or dimension 3 (all the others). As a consequence of Proposition 
7.6 and Lemma 8.7 we therefore get: 

8.8 Proposition. The CR-manifolds M = F + iR 3 with FcR 3 occurring in the examples 8.1 - 8.5, are 
all homogeneous and 2-nondegenerate. Furthermore, they are mutually locally CR-inequivalent. 

With an argument from [19] together with 2.5.10 in [24] a holomorphic extension property for 
global continuous CR-functions / on M - F © iR 3 C C 3 , F one of the cones from examples 8.1 - 8.5, 
can be obtained: Every such / has a unique continuous extension to the convex hull M of M in C 3 that is 
holomorphic on the interior of M with respect C . Since M is completely contained in the interior of M 
in case F belongs to Example 8.2, every global continuous CR-function on such an M is real-analytic. 

For the tube M over the future light cone (that is Example 8.1) there exist many (even simply- 
connected) homogeneous CR-manifolds that are all locally CR-equivalent to M. but are mutually non- 
diffeomorphic, compare [26]. In contrast to this, using already Theorem II from Section 9, we can state 
the following global result: 

8.9 Proposition. Let M be a homogeneous 2-nondegenerate CR-manifold that is not locally CR-equiva- 
lent to the tube M over the future light cone. Then M is simply connected and Aut(M) is a solvable Lie 
group of dimension 5 acting transitively and freely on M. For every a 6 M the stability group Aut(M, a) 
is trivial and every homogeneous real-analytic CR-manifold M', that is locally CR-equivalent to M, is 
already globally CR-equivalent to M. 

Proof. By Theorem II M - F+iV for F as in one of the examples 8.2 - 8.5. It is easily checked that F and 
hence M is simply connected. In case F is a cone, the claim follows with Lemma 6.20. Therefore we may 
assume that F is the submanifold of Example 8.5. But then Aut(M, a) is the trivial group by Lemma 8.7 
and Aut(M) has trivial center by Proposition 3.9. But then the claim follows from Proposition 3.10. □ 

The afhnely homogeneous surfaces F C R 3 of examples 8.1 - 8.5 occur already in [15] p. 43. There 
the surfaces are presented in their affine normal forms: Our Example 8.1 (fi = 00) corresponds to P4, the 
Examples 8.2 - 8.4 (// G R) to P3 and Example 8.5 to PI. The remaining degenerate types in [15], types 
P2 ± and P5, do not show up among our examples since the associated tube manifolds are holomorphically 
degenerate. 

Let us consider the type P3 in [15] p. 43 a little bit closer. This is the family of local surfaces in R 3 
given by the local equations in affine normal form 

(8.10) 23 = x\ + x\x2 + x\x\ + x\ + x\x\ + 4xjX2 + x\x\ + ax\ + \0x\x\ + x\x\ + 0(8), 

where a G R is an arbitrary parameter and 0(8) for every fixed a is a convergent power series in x = 
(x\,X2, £3) vanishing of order > 8 at the origin and uniquely determined by the requirement, that (8.10) 
defines near the origin of R 3 a locally affinely homogeneous surface. Different values of a G R give 
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locally affinely inequivalent surfaces and there tubes in C 3 correspond in a 1-1-way to our Examples 8.2 - 
8.4. It is not difficult to see that the modulus fi of every such surface is related to the parameter a in (8.10) 
by the formula 100 /j, = (28a) 3 . 

In [14], [15] all locally affinely homogeneous surfaces in R 3 have been classified up to local affine 
equivalence. Inspecting the degenerate surfaces in these classifications gives together with our results the 
following 

8.11 Proposition. Let F be a locally affinely homogeneous surface in R 3 and assume that the correspond- 
ing tube M := F + iR 3 in C 3 is 2-nondegenerate. Then 

(i) M is locally CR-equivalent to a manifold occurring in the Examples 8.1 - 8.5, and 

(ii) for every further locally affinely homogeneous surface F' in R 3 the corresponding tubes M and 
M' :- F' + iE? are locally CR-equivalent if and only if F and F' are locally affinely equivalent. 



PART 2: The classification 
9. Lie-theoretic characterization of locally homogeneous CR-manifolds 

In this part of the paper we classify all homogeneous 5-dimensional 2-nondegenerate CR-manifolds 
up to local CR-equivalence, that is, we carry out the proof of 

Theorem II. Let M be a locally homogeneous 2-nondegenerate real-analytic CR-manifold of dimension 
5. Then M is locally CR-equivalent to a tube F + iR 3 C C 3 , where F C R 3 is one of the affinely 
homogeneous surfaces occurring in the Examples 8.1 - 8.5. 

We call (in accordance with Section 2) a real-analytic CR-manifold M locally homogeneous at a point 
o G Mif there exists a Lie subalgebra g C ho((M, o) of finite dimension such that the canonical evaluation 
map q — > T Q M is surjective, that is, such that the tangent vectors £„, £ € g, span the tangent space T Q M. 
If this is the case we also call the corresponding CR-germ (M, o) locally homogeneous. If a particular 
locally transitive g C ho((M, o) has been fixed we also say that the germ (M, o) is ^-homogeneous. 

The proof of Theorem II relies on a natural equivalence (see [18], Prop. 4.1) between the category of 
CR-manifold germs with a locally transitive Lie algebra action and a certain purely algebraically defined 
category. Before we briefly outline the main steps of our proof, we recall the notion of a CR-algebra, taken 
from [30], and introduce some notation. 

9.1 Definition. A CR-algebra is a pair (g, q), where g is a real Lie algebra of finite dimension and q is a 
complex Lie subalgebra of the complexification [ := q © ig. The CR-algebra (g, q) is called effective if 
is the only ideal of contained in g n q. 

9.2 Remarks. 

(i) In [30] also the case is allowed where g has infinite dimension, but q has to have finite codimension 
in [. In this part of the paper however, only finite-dimensional Lie algebras occur. 

(ii) The CR-algebras form in an obvious way a category: A morphism (g, q) — > (g', q') of CR-algebras is 
a Lie algebra homomorphism g — > g' in the usual sense whose complex linear extension I — > I' maps 
q to q'. Unfortunately, the resulting notion of isomorphism between CR-algebras is too strict for our 
purposes. We therefore mainly work with the coarser notion of geometric equivalence between CR- 
algebras to be introduced later. 

(iii) The geometric situation behind the notion of a CR-algebra is the following: Let Z be a complex 
manifold homogeneous under a complex Lie group L, let o G Z be a point with isotropy subgroup 
Q C L at o and G C L a connected real form of L, that is, the connected identity component of the 
fixed point set L a for an involutive antiholomorphic automorphism a of L. Then each G-orbit M 
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in Z is a generic (immersed) CR-submanifold. Let g, q be the Lie algebras of G and Q, respectively. 
Then (g, q) is a CR-algebra that completely describes the CR-germ (M, o) together with the local 
action of G near o. 

(iv) In general, however, not every CR-algebra (g, q) can be obtained from a global situation as de- 
scribed in (iii), only from a more general local setting. Nevertheless, the set Q of all CR-equivalence 
classes of locally homogeneous CR-germs and the set A of all geometric equivalence classes of CR- 
algebras stand in a canonical 1-1 -correspondence, compare also Section 4 in [18]. For convenience 
of the reader, we briefly describe below this correspondence in both directions. As a reference for a 
general discussion of 'local' and 'infinitesimal' actions we refer to the original paper of Palais, [31]. 

In the following let M always be a locally homogeneous real-analytic CR-manifold with base point o G M 
that locally can be embedded in some C n (equivalently, M is an (abstract) real-analytic involutive CR- 
manifold as defined at the end of Section 2). Each such CR-manifold can globally and generically be 
embedded into a complex manifold Z [1]. Since we are only interested in the local structure of M at o 
and therefore mostly deal with CR-germs (M, o), we may assume without loss of generality that M is 
embedded in a complex vector space E = C n as a locally closed generic CR-submanifold. 

Next we describe the interplay between locally homogeneous CR-germs and CR-algebras more 
closely. In particular, we give two canonical constructions that induce the 1-1-correspondence between 
the sets Q and A mentioned in 9.2.iv and also allow the precise definition of 'geometric equivalence' for 
CR-algebras: 

Let (M, o) be a CR-germ and g C hol(M, o) a locally transitive Lie subalgebra of finite dimen- 
sion. Then an effective CR-algebra (g, q) can be associated in the following way: To begin with, realize 
hol(M, o) in the canonical way as real Lie subalgebra of the complex Lie algebra hotCE, o). This is possi- 
ble, since we assumed M to be generic in E and we can use Proposition 12.4.22 in [5]. As in Definition 
9.1 we always denote by I = g c = g © ig the formal complexification of g. Now E(£ + irf) := £ + Jrj 
defines a Lie algebra homomorphism S : I — > fyol(E, o), where J denotes the complex structure tensor 
J : TE — > TE. We will not make a notational distinction between the complex structures in I or TZ, 
and write V for it. The homomorphism S is in general not injective (it is, if M is holomorphically non- 
degenerate). Let q C t be the S-preimage of the isotropy subalgebra {£ G t)ol(E, o) : £ Q = 0}. Then 
the CR-algebra (g, q) is called a CR-algebra associated to the locally homogeneous CR-germ (M, o). It is 
obvious that g n q is nothing but the isotropy subalgebra g Q - {£ <G g : £ = 0} and the tangent space T Q M 
can be canonically identified with g/g . Also the holomorphic tangent space H Q M and the partial complex 
structure J : H Q M —>■ H M (equivalently: the decomposition H^°M © H®' l M of the complexification 
H^M = H M <g> C) can be read off the CR-algebra (g, q): Let a be the conjugate linear involution of [ 
with l CT := Fix(cr) = g. Then it is easily verified that 9) :- (q + crq) CT coincides with {£ <G g : £ G iT Q M}, 
that is, fj/flo is canonically isomorphic to H Q M (the capital letter for 9} is chosen to indicate that S) in 
general is not a Lie algebra, only a linear subspace). Further, H® ,l M - q/qfiuq and H^'°M - ^q/qnaq. 
In [18] it has been shown that the geometric properties of the CR-structure of the CR-germ (M, o) like 
minimality, /c-nondegeneracy, holomorphic degeneracy can be read off every CR-algebra (g, q) associated 
with (M, o). The facts relevant for our classification will be discussed below. 

There is also a canonical way to associate a locally homogeneous CR-manifold germ (M, o) to 
a given CR-algebra (g, q) (not necessarily effective): Choose a complex Lie group L with Lie algebra 
t = © ig and a complex linear subspace E C i with I = q © E. Then there exist open neighbourhoods U 
of G E, V of G q and R of id G L such that (u, v) i-> exp(n) exp(v) defines a biholomorphic mapping 
ip : U x V — > R. Choose an open neighbourhood P of G g with exp(P) C R. Then, in our particular 
situation, with ir : U x V — > U being the canonical projection, the mapping tp := it o ip~ x o exp : P — > U 
has constant rank. Without loss of generality we therefore may assume that M :- ip(P) is a connected 
real-analytic submanifold of E containing the origin G E. The Lie algebra I can be identified with the Lie 
algebra of all right-invariant vector fields on L and every £ G [ can be projected^ along it o ip~ l : R — > U 
to a holomorphic vector field £ G ho [([/). Thus the real subalgebra g :={£:£ G g} C ho [(£/") is 
a homomorphic image of g and spans at every x G M the tangent space T X M. In particular, M is a 



Homogeneous Levi degenerate CR-manifolds 



31 



generic CR-submanifold of E and g is a locally transitive subalgebra. It is not difficult so see that g is 
obtained from g by factoring out the kernel of ineffectivity, more precisely, let j be the largest ideal in g 
with j C g (~l q. Then g is isomorphic to g/j. If there exists a Lie group L with Lie algebra [ such that 
the subalgebra q corresponds to a closed complex subgroup Q C L then we may take L/Q for U and the 
G-orbit through [Q] G L/Q for M. We call (M, o) the CR-germ associated to the CR-algebra (g, q). 

9.3 Definition. The CR-algebras (g, q) and (g', q') are called geometrically equivalent if the associated 
CR-germs are CR-equivalent. 

Notice that CR-algebras are always geometrically equivalent if they are isomorphic in the cate- 
gorical sense of 9.2.ii, but not conversely in general. Notice also that every CR-algebra is geometrically 
equivalent to an effective one. In the following paragraphs 9.4-9.8, we fix 

for the rest of the paper 
the basic setup and notation, which are mainly taken from [18]: 

9.4 Notation. Given a CR-algebra (g, q), let (M, o) be the associated CR-germ. Write I := g c = g © zg 
for the complexification and a : I —> I for the complex conjugation with l a - g. Then 

(i) Qo '■- g n q is called the reai isotropy subalgebra. Define l Q := q (oo) := q n crq and note that [ G is the 
complexification (g ) C of g G . 

(ii) g/g G and Sj/g Q C g/g for $) := (q + aq) a C g are called the real and the holomorphic tangent 
space respectively. 

(iii) The descending chain q (0) D q (1) D q (2) D ■ ■ ■ D q (oo) of complex subalgebras is inductively 
defined by q (0) := q, q (oo) := q n crq and q (fc+1) := {w G q (fc) : [w, aq] C q (fe) + aq}, for k G N. 

If (M, o) is the manifold germ associated to the CR-algebra in 9.4 then the holomorphic tangent space 
ft/do C q/Qo in the sense of (ii) can be canonically identified with the holomorphic tangent space H Q M 
in the geometric sense. As shown in [18], the mapping q —> Sj, w i— > w + aw, induces a complex 
linear isomorphism q/q^°°^ = £)/flo ■ The former quotient is canonically isomorphic to H®' l M (similarly, 
Hq ,0 M = (jq/q (oo) ). The Levi kernel K Q M and its higher order analogues K r Q M can be considered as 
complex linear subspaces of q/q^°°^. We will make extensive use of some of the main results of [18], such 
as Theorem 5.10: 

9.5 Algebraic characterization of fc-nondegeneracy. For every r > the space q (r ^ is a Lie subalgebra 
of q and the r* Levi kernel K r Q M is isomorphic to q^/q(°°\ In particular, for every k > 1 the locally 
homogeneous CR-manifold M is fc-nondegenerate if and only if 

q (fc-i) ^ q(fc) _ q (oo)_ 

To handle the 5 -dimensional case we also introduce the following abbreviations 

(iv) f := q (1) = {v G q : [v, crq] C q + aq} and g" :- (f + erf) ". 

Then g Q C 5 C S) C g are real subspaces stable under ad(g G ) and [ Q C f C q are complex subalgebras. In 
Lemma 5.9. of [18] it has been shown that actually ^ is a Lie algebra and coincides with N g (S)) n S) (here, 
given W eg, N g (W) := {v G g : [v, W] C VF}). 

Summarizing the above discussion, the following result is the key for our classification. 

9.6 Proposition. Let (M, o) be an g-homogeneous CR-germ and let (g, q) be the corresponding CR- 
algebra. Then M is 5 -dimensional, minimal and 2-nondegenerate if and only if 

codim (g o ) = 5 and q ^ f ^ q (2) = q (oo) := q n aq . 
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9.7 Lemma. The Lie algebraic terms in (9.6) are equivalent to the following set of conditions: 
(I) dim £/ 0o = dim 5/5 = 2, dim R 0/8 = 1 = dim c f/[ Q - dim c q/f 

(ii) [g ,S] c& [& 5] c& K,^]cJ} 

(III) [q,<rq] q+erq M is not Levi Hat 

(IV) [f, crq] Cq+crq, f ^ I M is Levi degenerate 

(V) [f, crq] f + crq M is 2-nondegenerate. 

We will frequently use the fact that the condition ' fj] C # ' (instead of C i}) violates condition (V). 

By the canonical bijection between the classes Q and A mentioned in 9.2.iv and made precise 
above our classification problem is transferred to the classification of certain effective CR-algebras up 
to geometric equivalence. Unfortunately, to a given locally homogeneous CR-germ (M, o) there may be 
associated many CR-algebras (g, q) for which the g's are non-isomorphic. For instance, if M = M. is the 
tube over the future light cone, then to (M, o) there are associated CR-algebras (g, q) with g = so(2, 3), 
so(l, 3), so(2, 2) together with a bunch of other Lie algebras that are not semisimple, see [19] for explicit 
realizations. Therefore, the best we can do in the following is to consider only CR-algebras (g, q) such that 
dim g is minimal in the geometric equivalence class of (g, q). But, also then, we are still left in the example 
(M, o) with several non-isomorphic solvable Lie algebras of dimension 5 as well as one non-solvable Lie 
algebra of dimension 5 with 2-dimensional non-abelian radical and Levi part = s((2, R). 

9.8 Fundamental Assumption. In the following, every CR-algebra (g, q) under consideration is assumed 
to satisfy the condition (9.6) (equivalently (I) - (V)) as well as the following additional condition. 

(VI) For every CR-algebra (g' , q'), which is geometrically CR-equivalent to (g, q), the dimension esti- 
mate dimg' > dimg holds. 

Condition (VI) implies, in particular, the following two conditions. 
(Vl)i (g, q) is effective. 

(Vl)2 There is no proper subalgebra g' C g with ; + g Q - g for g Q - g n q. 

Indeed, (g', q') with q' := (0 ; + ig') n q is a CR-algebra that is geometrically equivalent to (0, q) in case 
Q' + Qo = 0- 

9.9 Basic structure theory. In the following we frequently use standard facts concerning reductive Lie 
algebras and parabolic subalgebras, see [22], Chap. VI- VII, as a general reference. To fix our notation, 
let s be a complex reductive Lie algebra and t a Cartan subalgebra of s. Denote by O = 0(s, t) C t* 
the corresponding root system and by II C O the subset of simple roots. A subalgebra r C s is called 
parabolic if it contains a maximal solvable subalgebra (also called a Borel subalgebra) b of s. Conjugacy 
classes of parabolic subalgebras in s are parameterized by the subsets of II: For every & C II and 
((J 2 )) :=$fl ae ,^> Za the corresponding parabolic subalgebra is defined by 

(9.10) t = t$» :=t red ffit nil with t^-t® s Q and r nil := s Q . 

«£((#)) 

The case of a reductive reai Lie algebra s is a little bit more sophisticated. In contrast to the complex 
situation there may exist several conjugacy classes of Cartan subalgebras. Among these the class most 
suitable for our purposes consists of the so-called maximally split Cartan subalgebras t C s, defined as 
follows: Select a Cartan decomposition s = 6 © p and let a be a maximal abelian subalgebra of p. Consider 
the centralizer m := Cj(a) and put t := a © t m , where t m C m is a maximal abelian subalgebra. The 
conjugacy classes of real parabolic subalgebras in s are parameterized by the subsets of the simple roots 
II C <l>(s, a) in the restricted root system 0(s, a) C 0*. Each parabolic subalgebra r in s has the decom- 
position r = r red x t ml into the reductive and nilpotent parts (once a maximally split Cartan subalgebra 
t C r is selected, the reductive factor with r red D t is unique). Following a common convention the roots A 
occurring in the root space decomposition of the nilpotent ideal t ml = AgA Sa are negative and we write 
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r n := t ml , r r := x* ed and O n := ®(t ml , o) = A. Each parabolic subalgebra r containing t determines the 
decomposition 

(9.11) s = t n t r t~ n with r n := s_ A , and we put r opp := r r x r n . 

We call rk(s) := dim t the rank of s and rkjR(s) := dim o with a C p as above the real rank of s. 

10. The Lie algebra g has small semisimple part 

In the preceding section we have explained how 2-nondegeneracy can be expressed in pure Lie 
algebraic terms. In this section we start with the actual proof of Theorem II. Since this proof will be quite 
involved, we subdivide it into several sections, lemmata and claims until the final step is completed in 
Section 16. For the convenience of the reader we briefly outline the main steps. 

As explained above the classification can be reduced to the determination of all CR-algebras satis- 
fying the fundamental assumption 9.8. Once all possible CR-algebras are known, we have to identify the 
underlying CR-germs. In general, it may happen that algebraically non-equivalent CR-algebras give rise 
to equivalent CR-germs. For this last part of the proof we use results from Section 8. 

Our proceeding will be to show that the assumption 9.8 severely restricts the possibilities for (g, q). 
This will be achieved by a detailed structural study of the Lie algebras g occurring in (g, q). Recall that 
every Lie algebra f) has a Levi-Malcev decomposition f) = h ss x rac)(h), where h ss is semisimple and is 
uniquely determined up to an inner automorphism of h. Furthermore, rac)(h) is the radical of h, i.e., the 
unique maximal solvable ideal in h. In the first part of the proof we investigate the various possibilities for 
g ss where (g, q) satisfies certain conditions stated in the previous section. To be precise: For the rest of the 
paper the fundamental assumption 9.8 remains in force for all CR-algebras (g, q) under consideration. In 
particular, every (g, q) is effective (condition (Vl)i, and therefore g can be considered as a transitive Lie 
subalgebra of ho((M, o)). Furthermore, condition (Vl)2 states that there is no proper Lie subalgebra of g 
that also is transitive on (M, o). 

Let an arbitrary CR-algebra (g, q) subject to 9.8 be given and let g ss x tcri>(g) be a Levi-Malcev 
decomposition of g. In this and in the following few sections we assume that g ss ^ and investigate which 
simple factors can occur in g ss . Thereby we use the following notation: We fix a simple ideal s in g ss and 
denote by s' the corresponding complementary ideal, i.e., 

(10.1) q = g ss x tad g and g ss = 5 x s' . 

In this section we show that g ss only can contain simple factors isomorphic to one of the Lie algebras 
so(2, 3), so(l, 3), su(2) and $1(2, R). This result is obtained by analyzing which simple real Lie algebras 
can contain proper subalgebras of very low codimensions. In the next sections we exclude further possibil- 
ities for s: In Section 1 1 we show that the factors so(2, 3) and so(l , 3) cannot occur in g ss as it will turn out 
that their existence in the Levi factor would violate the minimality assumption (VI). Nevertheless notice 
that there exist CR-algebras (so(2, 3), q) and (so(l, 3), q) satisfying (I) - (V) and (Vl)i . All the underlying 
CR-germs of such CR-algebras are locally CR-equivalent to the light cone tube M. In Section 12 we find 
first examples of CR-algebras which satisfy 9.8. In these cases g ss contains a simple factor s = sl(2,R), 
and then necessarily g = sl(2,R) x r, where r is a 2-dimensional non-abelian Lie algebra. Also all such 
CR-algebras give rise only to CR-germ locally CR-equivalent to the tube over the light cone. In Section 
13 we finally eliminate the possibility s = su(2) for the simple factor s in g ss . At that stage of the proof 
we will have proved the following dichotomy: Let (g, q) be an arbitrary CR-algebra which obeys 9.8. If 
g ss ^ then g ss = sl(2, R) and furthermore the underlying CR-germ is locally CR-equivalent to the light 
cone tube M.. Or, g ss = 0, i.e., g is solvable. 

For that reason, from Section 14 on we only consider CR-algebras (g, q) with g solvable and show 
that then necessarily dimg = 5 = dimM. In Section 15 we look closer at the nilcenter 3 of g and find 
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out that dim 3 € {1,3}. The Main Lemma 15.14, which might be of interest for itself, gives a sufficient 
condition for a CR-algebra to be associated to a tube F + iR 3 C C 3 over an affinely homogeneous surface 
F C R 3 . In the last section we show by ad-hoc methods that indeed every 5-dimensional solvable Lie al- 
gebra q occurring in the CR-algebra (g, q) under consideration fulfills the assumption of the Main Lemma. 
Hence, due to the aforementioned assertions and since (up to local affine equivalence) all affinely homo- 
geneous surfaces in R 3 occur among the examples 8.1 - 8.5, this completes the proof of the classification 
theorem. 

We now begin with the proof of Theorem II: 

10.2 Lemma. Let (g, q) be a CR-algebra subject to (9.8). Then the simple Lie subalgebra s C SS can 
only be isomorphic to so(2, 3) , so(l, 3) , sl(2, R) or su(2). 

Proof. The proof is carried out in several reduction steps. To begin with, we write as shorthand 



for every subalgebra f) C g. Notice that f) c C h# are subalgebras and is a linear ad(hg)-stable subspace 
ofh. 

Consider the subalgebras s Q C s$ of s. The case s Q = s$ = s, that is s C Q , can be ruled out since then 
s' ©tac>(0) would be a proper locally transitive subalgebra of g, contradicting assumption (Vl)2- Therefore, 
at least one of the inclusions s Q C Sj C s is proper. Consequently, there is always a proper subalgebra of 
codimension < 3 in s. Indeed, in case s$ ^ s the subalgebra s^ has this property and in case S;j = s the 
proper subalgebra s Q has codimension < 2. Hence, there exists a maximal proper subalgebra h of s with 
either Sj C 1} or s 9 C h. Such a maximal subalgebra rj has codimension < 3 in s. Due to [9], Chap. VIII, 
§10, Cor. 1, every maximal proper subalgebra of s is either reductive or parabolic. In the following claims 
we list all simple Lie algebras s which admit proper maximal subalgebras of such low codimensions. We 
discuss the reductive and parabolic case separately. 

Claim 1: Let tbe a simple real algebra and t) C ! reductive with < codim s h < 3. Then t can only be 
isomorphic to s((2,R), su(2) or so(l, 3). 

Proof of the claim. Let f) = f)iX---xh p X3be the decomposition of the reductive subalgebra f) into the 
simple factors i)j and the center 3. Weyl's Theorem implies the existence of an ad(h)-stable complement 
DCs. Let q : f) — > gl(t>) be the induced adjoint representation. Every restriction Qj : t)j — > gl(t>) must be 
faithful since otherwise t)j would be an ideal in s. The crucial condition here is dim < 3 which, in turn, 
implies that each i)j is isomorphic either to sl(2, R), so(3) or s((3, R). As a consequence 



Putting both inequalities together and bearing in mind dim s — dim h < 3 shows that the rank of s can only 
be one of the numbers 1, 2, 4. Since s((2, R) and su(2) are the only simple real Lie algebras of rank 1 we 
may assume that s has rank 2 or 4. The case rk(s) = 4 can be ruled out in the following way: Consider first 
the situation where s is of complex type, that is, s is the underlying real Lie algebra of a complex simple 
Lie algebra c of (complex) rank 2. Then c is either sl(3, C) or so(5, C). But in both cases a proper reductive 
real subalgebra has at least (real) codimension 4 (in fact, 8). If 5 is of real type then the above estimates 
give dimf) < 16 and dims > 24 = dimsl(5,R). For the remaining case rk(s) = 2 either s = so(l,3), 
which is in the list of the claim, or s is isomorphic to a real form of sl(3, C) or so(5, C). In both cases every 
proper reductive complex subalgebra has at least codimension 4. This proves Claim 1. □ 

Claim 2: Let t is a simple real Lie algebra and I) C ! parabolic with < codim s h < 3. Then s is 
isomorphic to so(l, 3), s[(4, R), su(2) or to a non-compact real form of sl(3, C) or so(5, C). 



f) G := Q n f) , fjgr := 5 n t) and fj fl := Si n f) 



On the other hand, a glance at the classification of simple Lie algebras shows 




Homogeneous Levi degenerate CR-manifolds 



35 



Proof of the claim. Since every parabolic subalgebra of a compact Lie algebra is trivial, apart from 
s = su(2) we only have to consider the case where s is non-compact. The estimate rk(s) < dims — dim t), 
compare (9.9), implies rk(s) < 3. We work out the various cases separately. 

rks = 3 : The complexification s c of s is one of the Lie algebras sl(4, C), so(7, C) or sp(3, C). The latter 
two can be immediately ruled out since a glance at the corresponding Satake diagrams shows that every 
proper parabolic subalgebra of them is at least of codimension 4. In the remaining case s c = sl(4, C) 
only the normal real form sl(4, R) has a parabolic subalgebra of codimension 3. (A glance at the Satake 
diagrams for the remaining non-compact real forms of sl(4, C) excludes further possibilities). 

rks = 2 or 1: The rank conditions imply that s is the underlying real Lie algebra of sl(2,C) or a real 
form of s((3, C) or so(5, C). The Lie algebra so(l, 3) as well as every non-compact real form of sl(3, C) or 
so(5, C) contains a parabolic subalgebra of codimension less or equal 3. Since dimsl(2, R) = dimsu(2) = 
3, all simple Lie algebras of rank one also contain parabolic subalgebras of the required codimension. 

In order to further reduce the list of possibilities for s we have to look at the particular real forms obtained 
in Claim 1 and 2 but not in the list of Lemma 10.2 more closely: 

Elimination of s = sl(4, R): Up to an automorphism of s((4, R) there is only one such parabolic subalge- 
bra f) of codimension 3. Let t = o C f) be the split Cartan subalgebra and f) = h r x h~ n the decomposition 
as in (9.1 1). Note that here the reductive factor h/ = g[(3, R) acts irreducibly on n = R 3 . The only pos- 
sibility for the flag s„ C Sj C Sjj C s, which cannot be trivially excluded, is when s Q C s$ = fj C C s 
and codim(,(s ) < 2. This cannot be true since dim s ^/s^ = 2, : s^] C (condition (II)) but fj = 
acts irreducibly on the 3-dimensional space 5 /s$ = f) n . 

Elimination of s = su(l, 2) : In this case of real rank 1, there exists up to conjugacy only one parabolic 
subalgebra h: This is the minimal one f) = h = m © a © n which is solvable with codim s f) = 3. The 
reductive part ff = m © a =: t of f) is a maximally split Cartan subalgebra. As before, the only situation 
which cannot be trivially disposed of is when s Q C = t) and c := codim^So) £ {0, 1,2}. Recall that f) 
yields the decomposition s = h n © t © f)~ n . If c = 0, that is s Q = f), then h n © rao(g) would be a proper 
locally transitive subalgebra of g in contradiction to assumption (Vl)2- If c = 1 then either t n s Q ^ t, 
and then f) opp © rao(g) would be a proper locally transitive subalgebra of q (again contradicting (VO2) or 
t C s Q . But taking into account the particular structure of h _n = s_a © s_2a this also does not occur 
since otherwise s PI h _n would be a t-stable 2-dimensional subalgebra, which is impossible since ad(t) 
acts irreducibly on the 2-dimensional root spaces s±\ and [S\,S\] - S2\- 

It remains the case c = 2, that is, s = q = su(l, 2) is locally transitive. Then [ = s c = sl(3, C) and q is a 
subalgebra of complex dimension 5. Consequently q is contained in a maximal (6-dimensional) parabolic 
subalgebra f) = g[(2,C) k C 2 of [, that is, either q coincides with a Borel subalgebra b or is conjugate 
to a subalgebra j = sl(2, C) x C 2 . In both cases the subgroups Q of L = SL(3,C) corresponding to b 
or ) are closed and the underlying CR-germ (M, o) is locally CR-equivalent to an SU(1, 2)-orbit either in 
L/B = F(C 3 ), the complex manifold of full flags in C 3 , or in the C*-principal bundle L/J over P 2 (C). A 
direct check shows that in both cases there do not exist 2-nondegenerate SU(1, 2)-orbits. 

Elimination of s = sl(3, R). Then 3 < dims Q < 6 holds except for the trivial case s Q = s. If dims G = 3 
and hence s is locally transitive, then as in the previous situation each CR-germ (M, o) associated with a 
CR-algebra (sl(3, R), q) is locally CR-equivalent to an SL(3, R)-orbit either in SL(3, C)/B or SL(3, C)/J 
(as discussed above, with SL(3, R) in place of SU(1, 2)). Again, none of these orbits is 2-nondegenerate. 
It remains the case dims Q > 4. But then there always exists a parabolic (proper) subalgebra h C s with 
s + f) = s, that is, h ©rao(g) is a proper locally transitive subalgebra of g excluding the case s c = sl(3, C). 

Elimination of s = so(l, 4). There exists up to conjugacy a unique parabolic subalgebra fj = h/ x f)~ n C s 
of codimension 3, and we have to investigate the cases s 2 Sjj 2 Sj = f) D s„ only. A close look at the 
minimal (and maximal proper) parabolic subalgebra fj - m © a © Sa shows that m = so(3) and m 
acts irreducibly on the 3-dimensional nilpotent ideal f)~ n = s_a- Consequently f) acts irreducibly on 
s/f) = s/s$ = R 3 . This leads to a contradiction as [s s ,s a ] C s a , i.e., s «/s 5 would be a 2-dimensional 
stable subspace. The proof of Lemma 10.2 is now complete. □ 



36 



Fels-Kaup 



In Theorem 6 of [3] it is claimed that for every 2-nondegenerate real-analytic hypersurface Met 3 
the Lie algebra hol(M, a) has dimension < 11 at every point. Using this result would save few arguments 
in the proof of Lemma 10.2. Instead, we preferred to present a self-contained proof of the proposition. 



We continue the proof of Theorem II. So far we have proved that for the CR-algebra (g, q) under 
consideration the simple factor ss of g ss , see (10.1), can only be isomorphic to one of the simple Lie 
algebras listed in Lemma 10.2. In this section we show that from these the possibilities s = so(2, 3) and 
s = 50(1, 3) cannot occur. Here and in the following upper case roman numerals refer to the conditions 
around 9.8. 

We like to mention that for the tube M over the future light cone [)ol(M, o) = so(2, 3) holds and 
that there exists a copy of so(l,3) in t)ol(M,a) that is also locally transitive. Since these Lie algebras 
have dimensions 10 and 6 and since, on the other hand, there are transitive subalgebras of hol(.M,o) 
of dimension 5 these two Lie algebras do not satisfy the minimality condition (VI). In the following we 
consider both cases separately: 

s = so(2, 3). The only Lie subalgebras h in the normal real form so(2, 3) with codim s h < 3 are the 
3-codimensional maximal parabolic subalgebras. We need to take a closer look at the structure of these 
subalgebras. There are up to isomorphisms of s only two such parabolic subalgebras: If 11(a) = {a, (3} is 
a basis of the root system <l>(a) (o split Cartan subalgebra, a long, [3 short) then 

hi : = (affis Q ffis_ Q ) ffi S-p ®S- a -p ©S-a-2/3 = f)i x f)i~ n 
h 2 : = (a sp 5- P ) ffi s_ Q ©s-a-^ es_ Q _ 2/3 = f)2 x " 

are representatives of the corresponding isomorphy classes. The only instance where the filtration s G C 
s s C5, Cs could be nontrivial (recall that s Q , % are subalgebras, s s is a ad(s 5 )-stable subspace) arises 
when s C s 5 = hj C s fl C s for j = 1,2. The possibility ' f)2 = %' cannot occur since the adjoint 
representation of h 2 on — s /s s is irreducible, contradicting the existence of a 2-dimensional ad(s s )- 
stable subspace 5si /s s - It remains the possibility s s = hi D S Q . From now on h := hi and we analyze 
the various possibilities for dims ff — dims G G {0, 1,2}. The equation s ff = s G contradicts condition (Vl)2 
since in that case the proper subalgebra (h n ffis') x raD(g) would be transitive on (M, o). The case when s Q 
is of codimension 1 in s s = h can also be ruled out: Either h~ " C s and then (h opp ffi s') x roD(g) would 
be a transitive proper subalgebra of g, or the intersection of s Q with h~" = (S-p ffi S-p- a ) ffi s_ Q _2/3 
is a 2-dimensional subalgebra. In such a case the image 7r(s ) of the projection it : h = h _n x h r — > h r 
coincides with h r . But this also leads to a contradiction: Neither the intersection s G n h _ra can coincide 
with S-p ffi S-p- a (since it is not a subalgebra), nor (S-p ffi S-p- a ) n s Q can be 1-dimensional (since 
h r acts irreducibly on (S-p ffi S-p- a )). Finally we are left with the case dims 5 — dims G = 2, i.e., 5 is 
transitive on (M, 6). Thus g - s by assumption (VI). But then dimg = 5 and there always exist proper 
subalgebras g'cg with g' + go - g, a contradiction to condition (Vl)2- 

s = so(l, 3) = sl(2, C). We work out this case by investigating various possibilities for dims G . Assume 
first that 

• dim s > 3. We claim that then there exists a solvable subalgebra r C 5 such that s + r = s : The 
case dim5 Q > 4 is easily settled as all 4-dimensional subalgebras in 5 are maximal, i.e., they are Borel 
subalgebras of sl(2, C) and consequently have nilpotent complementary subalgebras. There do not exist 
(real) subalgebras of sl(2, C) of dimension 5. If dims Q = 3 then s is either semisimple or solvable. In the 
semisimple case we work with an explicit matrix realization 5 C C 2x2 : Either s G = su(2) or = su(l, 1), 



In both cases the upper triangular Borel subalgebra b + C s((2, C) C C 2x2 forms a linear complement of 
s . This cannot happen, since then condition (Vl)2 would be violated. 



11. The cases s = so(2, 3) and s = so(l,3) 



i.e., 




Homogeneous Levi degenerate CR-manifolds 



37 



If s is solvable then s Q is contained as certain 1-codimensional (real) subalgebra in a (complex) Borel 
subalgebra b = t x b nil of s ^ sl(2,C). We claim that s D b nil : Otherwise (i.e., if dim R s n b nil - 1) 
we would have 7r(s ) = t, where ir : b —> t is the projection homomorphism, and consequently s Q would 
contain a certain complex Cartan subalgebra t' of b which acts R-irreducibly on b ml . 
However, from our claim it follows that the opposite Borel subalgebra is a complementary subspace of s G 
in 5. The case 'dims = 3' now is completely ruled out. Next, we investigate the case 
• dim s = 2. It follows that s Q is solvable and either complex or totally real. Since it is immediate that 
every complex subalgebra in sl(2, C) has a complementary subalgebra (simple check), it remains only 
to deal with the totally real case, i.e., with s Q being a real form of a Borel subalgebra b C sl(2, C). Let 
r : b — > b be the conjugation with b r = s Q . It is well-known that there exists a r-stable Cartan subalgebra 
t C b and consequently we have the r-stable decomposition b - t x [b, b] =: t ix n. Select h G t, e G n 
such that [h,e] = 2e. By construction r(h) = a-h and r(e) = b-e for suitable a,b G C. Since r is an 
automorphism, a — 1. Since r is an involution, \b\ = 1. This shows that up to a conjugation we may 
assume that b is the upper-triangular Borel subalgebra of sl(2, C) and the real forms s Q C b + have the 
following realizations: 



For every c G C* at least one of the Borel subalgebras C(jo)©C(}_j)orC(° j ) © C( ] _ j ) then is 
complementary to s D in sl(2, C). Finally, we need to deal with the case 

• dim s = 1, i.e., s itself is locally transitive and thus q - s by the minimality condition (Vl)2- Consider 
the following matrix realization: 



The 3-dimensional complex subalgebra q C I is either simple or solvable: 

q simple: Then q = sl(2, C) and q is either one of the two factors of s((2, C) x s[(2, C) or q is conjugate 
in [ to g. The first case can be ruled out immediately since then q n Q - = q q which is absurd. In 
the second case, all simple subalgebras q C i which are not ideals are conjugate to each other. We may 
select the particular subalgebra q = {(x, — x*) : x G sl(2, C)} C [, where x* is the transpose of x. The 
corresponding Lie subgroup Q = {(q,(q -1 )*) : q G SL(2,C)} C L := SL(2,C) x SL(2,C) is closed 
and the map (x, y) i-> x-y* identifies the quotient with the affine quadric SL(2, C) C C 2x2 on which 
S := SL(2,C) (considered as real Lie group) acts by the holomorphic transformations (s, z) i-> szs*. 
Hence, in this situation every CR-germ associated with a CR-algebra (s, q) is globalizable. It is well- 
known (see, for instance [19]) that the hypersurface S*-orbits in L/Q are either Levi-nondegenerate or 
locally CR-equivalent to the tube M over the light cone. However, dimg = 6 and in this case (g, q) 
satisfies (I) - (V), (VI)! and (Vl) 2 , but not (VI). 

q solvable: We will show that also this case contradicts the fundamental assumption 9.8: 
If \ - C(t, t) is ad-semisimple (and without loss of generality t = ( * _ t ) for some t G C*) then l Q is a 
regular torus in [. Consequently, the centralizer C[(l ) =: ti x t2 is a cr-stable Cartan subalgebra. Either 
C[(l ) C q (but then q + crq is of codimension 2 in [) or C[([ ) n q = l . In the latter case denote by l ±Ql , 
[ ±Q2 the root spaces with respect to ti x t2- A direct check shows that q is the direct sum of l Q with two 
further root spaces (also if t = t). Since q is solvable, there are 4 possibilities of choosing such pairs of 
root spaces. In all 4 cases either q + aq is too small or f = [ Q , i.e., the corresponding CR-germ is Levi 
nondegenerate. 

It remains to discuss the case when l a - C(n, TT) is ad-nilpotent. Since q is solvable, it is contained in 
a Borel subalgebra b of I. Consequently, l Q C b nil = C\(l ) = Cn x Cn. Let vr : b -> b/b nil be the 
canonical projection. The image 7r(q) cannot be surjective since there is no 3-dimensional subalgebra 
C(n, n) C q C b with this property. It remains only the possibility b ml C q but then q n crq D b ml , which 
is too big. 

Summarizing, we have for the CR-algebra (g, q) satisfying 9.8 that g ss must be a finite direct sum 
of copies of sl(2, R) and su(2). In the next section we direct our attention to factors of type s((2, R). 




[ - s((2, C) x sl(2, C) C C 2x2 xC 2x2 
cKx, y) = (y, x) , Q = {(x, x) : x G s[(2, C)}cl. 
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12. The cases = sl(2,R) 

In this section we continue the proof of Theorem II and consider only CR-algebras (g, q) subject to 
9.8, for which the simple factor s of g ss is isomorphic to sl(2, R), compare (10.1). As already proved, the 
remaining simple factors in s' (if there are any) are isomorphic to su(2) or sl(2, R). 

From hol(.M, o) = so (2, 3) for the light cone tube M it is clear that hol(.M, o) contains copies of 
so(2,2) = s((2,R) x sl(2,R). Fixing a subalgebra r C sl(2,R) (which is necessarily non-abelian) the 
5-dimensional Lie algebra sl(2, R) x r can be embedded into hol(A4, o), and this can be done in such a 
way that the image is a transitive subalgebra. Therefore, the simple factor sl(2,R) of g ss cannot avoided 
in the classification proof. However, we will show that this factor only occurs in the instance described 
above, that is, in connection with M. 

Our first result is that in g ss the simple factor sl(2, R) can occur at most once. Here and in the follow- 
ing we repeatedly use the basic fact that each proper subalgebra of 5 ((2, R) has a solvable complementary 
subalgebra. Furthermore, through this subsection we denote by tt : g - (s x s') x tcu)(g) — > s the canonical 
projection. We analyze various possibilities for the image of the isotropy subalgebra g Q under tt. 
If 7r(g G ) ^ then there exists a solvable complement r C s to tt(q ) and (r x s') x tcri>(g) is a proper 
transitive subalgebra of g violating (Vl)2- 

If 7r(g ) = then g c C s' x tcri>(g) and is there of codimension 2. It follows that there is no factor 
f) = st(2,R) in s': Otherwise, counting dimensions we would have dimf) n s Q > 1 which implies that 
there is a proper transitive subalgebra of g, violating (Vl)2- This proves that s' is a product of factors which 
all are isomorphic to su(2). Finally, we show that s' consists of at most one such simple factor: Indeed, 
suppose that s' = f) x s" for some ideal f) = su(2) of s'. Denote by tt^ := (5 x fj x s") x xad(g) — > f) 
the canonical projection. Then 7Tf,(g ) has codimension < 2 in h. Since su(2) does not have a subalgebra 
of dimension 2, the dimension of tt^(q ) can only be 1 or 3. But dimension 3 violates (Vl)2 since then 
g = g + ker(7Tf,). It remains the case dim TT^{g ) = 1 . Then 7Tf,(g ) is a torus in f) and 7r(g ) = h f~l g G . Since 
g' := s x h, is a transitive subalgebra of g we must have g' = g by (Vl)2- But this is not possible: 

12.1 Lemma, s = sl(2, R) implies g = 5 x tad(g) and g Q C roD(g) . 

Proof. By the above discussion we only have to rule out the case g = s x 5' with g Q C s' = su(2). The key 
point here is that the isotropy subalgebra g Q is toral in su(2) and that there exists a unique ad(g G )-stable 
subspace p* C su(2) on which the adjoint representation of g G is irreducible. Let tt su : 5 © su(2) — > su(2) 
be the projection onto the second factor. Either 7r su (J) = su(2) or n su ($) - g G . In the first case, we 
actually have J = su(2) as [g ,5] C 5 and [s,g ] = 0. But this cannot be true: Independently of what 
exactly $) - W © su(2) would be, we always would have [Sj,$] C J. But this violates the nondegeneracy 
condition (V). 

It remains the case 7r su (5) = Qo, i.e., 5 = b © g G , where b = #nscsisa 2-dimensional real subalgebra. 
By a dimension argument dim S) n su(2) > 2. But this intersection must be ad(g G )-stable, which implies 
f) = b © su(2), i.e., 9) is a subalgebra of g = s © su(2). Clearly, this violates condition (III). □ 

In the next Lemma we show that the semidirect product s x raD(g) in 12. 1 actually is a direct product 
s x taD(g) and that the radical has dimension 2, i.e. g has dimension 5. Recall the obvious fact that, up to 
isomorphy, there exist precisely two Lie algebras of dimension 2, the abelian Lie algebra R 2 = R x R and 
a non-abelian one. 

12.2 Lemma, s = s((2, R) implies g - s x r with x := xad(g) being non-abelian and of dimension 2. 

Proof Let tt : g — > s be the canonical projection. We use the same symbol also for the complex extension 
[ — > s c . Because of (I) and g Q C r the image tt($) has dimension < 2. 

• dim 7r(5) = implies J = r, i.e., J is an ideal in g. But this violates (V). 

• dim7r(3) = 1 implies 7r(f) = n(af) and dim-7r(f) = 1. Consequently 7r(q), ir(aq) are 2-dimensional 
(Borel) subalgebras which generate s((2, C) as a linear space (otherwise (M, o) would be Levi flat). It 
follows 7r _1 (7r(crq)) fl q = f . But this implies [f, crq] C f + crq, a contradiction to (V). 
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• dim7r(3) = 2. Note that 7r(f), n(af) are 1 -dimensional since [ G C r c . Since 7r(f) + 7r(af) is a 2- 
dimensional subalgebra, t := 7r(f), t' := 7r(af) = at are tori as follows with the elementary structure theory 
of sl(2, C). The case l 7r(f) = 7r(q)' can be excluded since otherwise we would have 7r(q + aq) = 7r(f + erf) 
which is a subalgebra, a contradiction to (III). Hence, the only possibility remaining is 7r(f) ^ 7r(q). This 
implies q n xad = aq n xad = l a . Furthermore, l a is an ideal in q, aq, and, since [q, aq] = I, even an ideal 
of L By the effectivity assumption (Vl)i, this implies g G = 0, i.e., g has dimension 5 and thus 

(12.3) q = sl(2, R) K e R 2 or g = $1(2, R) x r with dimr = 2 , 

where g : 5 1(2, R) — > End(R 2 ) is the canonical inclusion. 

12.4 Claim. The first case in (12.3), that is q = s((2, R) x e R 2 , cannot occur. 

Proof of tne claim. Let 7r : [ — > st(2, C) be the canonical projection and cr : I — > [ the complex conjugation 
defining the real form a of I. The possibility 

• 7r(q) = (= 7r(aq) ) can be excluded since then q = xad(i) = aq, violating (III). Also 

• dim 7r(q) = 1 can be ruled out: Then 7r(q) ^ ir(f) since otherwise 7r(q + aq) = 7r(f + erf) would be a 
subalgebra, violating (III). Hence, f = qntctcKl). But this contradicts (V) since then [f, aq] C xad(V) = f ©erf . 

• dim7r(q) = 2 (i.e., q n raD([) = 0) is the most involved case. Then 7r(q) = b is a Borel subalgebra of 
$1(2, C). To rule out also this case we need some preparations. First realize I as 

sl(2, C) x e C 2 = {(X, w):Xe sl(C 2 ), w G C 2 } with [(X, w), (Y, u)] = ([X, Y] , Xu — Yw) 

and complex conjugation a given by (X, w) i— > (X,w). Since (M,o) is not Levi flat (compare (III)), 
we necessarily have b + ab = 5 1(2, C), and the 1-dimensional intersection b n ab is a toral subalgebra 
t C $1(2, C) (we use here the well-known fact that the [cr-stable] intersection of any two Borel subalgebras 
contains a [cr-stable] Cartan subalgebra). In the next two paragraphs we recall some elementary facts from 
the representation theory of $1(2, C) which we need to complete our proof. 

12.5 er-adapted s[ 2 -triples. Let h G t C $1(2, C) be the element for which [h, E] = 2E and [h, F] = -2F 

for every E G b ml , F G a(b ml ) = (crb) ml . Since a interchanges the eigenspaces of ad(h), we have cr(h) = 
— h. There are crucial technical points here: We claim that there exists e G b ml such that [e, cr(e)] = h, i.e., 
(e, h, f) with f := a(e) being an sl 2 -triple in $1(2, C) (i.e., [h, e] = 2e, [h, f] = -2f , [e, f] = h). 
Construction: We have to be careful here about signs: Since a defines a non-compact real form of 
sl(2,C), the nondegenerate Hermitian 2-form k(-,cj(-)) has precisely one negative eigenvalue, where 
k denotes the Killing form. Since n(b,a(b)) - n(b,— h) < 0, it follows n(E,a(E)) > and conse- 
quently [XE, a(XE)] = h for an appropriately chosen A G C* (keeping in mind the general formula 
[E, F] = k(E, F)H where H, the coroot, is a positive multiple of h). Define then e := XE and f := a(e). 
Each sl 2 -triple e', h', f G s c = sl(2, C) with a(e') - f is called a-adapted in the following. 

12.6. Complexifying $1(2, R) x g R 2 , we briefly discuss how the 2-dimensional abelian radical C 2 , consid- 
ered as an $1(2, C)-module, is related to the real structure. Let a a-adapted sl2-triple e, h, f be given. Let 
C 2 = V+ © V- be the decomposition into (±1) h-eigenspaces. They are interchanged by a. We claim that 
there exists a v + G V + with V- := a(e)v+ - a(v+) ^ 0: Indeed, choose w + G V + \ {0} arbitrarily. Then 
there is a c G C* with fw+ = ca(w+), and a direct check shows |c| = 1. Choose a b G C with b 2 - c and 
put v + := b-w+. 

We use the linear basis v+, V- of the radical xad(V) = C 2 in the following computations. 

We now resume the proof of Claim 12.4. For short, write r c := xad(l) for the abelian radical. Since 
q (~l r c = 0, we can write q = C-(e, wi) © C-(h, W2) for suitable wi,W2 G C 2 . Clearly, the Wj's are not 
arbitrary: Write w\ = Xiv + + H\V- and u>2 - X2V + + fi2V-. Note that W2 ^ —W2 (otherwise q n aq ^ 0), 
i.e., A2 ^ —7*2- The fact that q is a subalgebra imposes a further condition on the coefficients Xj,fij : A 
simple computation shows that m - and ^2 = — Ai , i.e., for each A, \i G C with A ^ ~p we have the two 
2-dimensional complex subalgebras q = q^ ^ and crq : 

q = C-(e, Xv+) © C-(h,^+ - Aw_), aq = C-(f, Xv-) © C-(-h, -Xv+ + ~pv-) . 
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Recall the definition f = {u G q : [u, aq] C q + aq} from 9.5.iv. A straightforward calculation shows that 
in all cases f = holds. This contradicts (IV) and proves 12.4. □ 

We proceed the proof of Lemma 12.2 by restricting the radical of g = sl(2, R) x r further: 

12.7 Claim. The Lie algebra q cannot be isomorphic to sl(2, R) x R 2 . 

Proof of the claim. Assume to the contrary that g = sl(2, R) x R 2 and denote by it\ : I — > st(2, C), 
7T2 : I — > C 2 the canonical projections. As in the proof of the previous claim, the cases dim q n taD(Q > 1 
can be ruled out immediately. We therefore only have to exclude the case q n C 2 = 0: In that case, let 
b be the 2-dimensional m -image in sl(2, C). It follows cr(b) ^ b since otherwise 7r s (q + aq) C b would 
contradict (III). Consequently there exist e € b, h G b n db and f = <r(e) G a(b) = 7r(crq) with the 
properties described in 12.5. The fact that q, aq are subalgebras and that 7r(q) = Ch © Ce determine q, aq 
as follows: q = C-(h, w) © C-(e, 0) and aq = C-(h, -w) © C-(f , 0) for a w G C 2 . 
We may further assume that w,w are linearly independent, otherwise 7r 2 (q + aq) ^ C 2 would contradict 
(III). As a consequence, (h, 0) g" q + aq. The definition of f then shows f = C-(h, w) . On the other hand, 
for this f we have [f, aq] C f © aq in contradiction to (V). This proves the claim and Lemma 12.2. □ 

So far we know that under the assumption s = 5 1(2, R) necessarily q = sl(2, R.) x r, where r is the 
2-dimensional non-abelian Lie algebra. To determine the full CR-algebra (g, q) we still have to find out 
how the complex subalgebra q C ( sits inside sl(2, C) x r c . 

12.8 Claim. Up to a CR-algebra automorphism of (g, q) the subalgebra q C [ is obtained in the following 
way: Fix a linear basis x, z of t c with [x, z] = z and a a-adapted sl2-triple e, h, f G sl(2, C) (see 12.5 for 
the definition). Then q = C(h , 2x + pz) © C(e , vz) for suitable p, v G C with Im(/x) = ±2 and \u\ - 1. 
Proof of the claim. The case q = r c can clearly be excluded. If the intersection q n r c would be 1- 
dimensional then q n r c © aq PI r c = r c (as the sum q + aq must be direct). Since f must also be 
1 -dimensional, we have f = r c n q. But then [f, aq] C r c = f © af, violating condition (V). 

It remains the case q n r c = 0, i.e., 7r s (q) is a Borel subalgebra Ce © Ch, and 7r(<rq) = Ch © Cf where 
h, e, f G sl(2, C) are chosen as explained in 12.5. Since q C s c x r c is a Lie subaigebra, it necessarily has 
the following form: 



v = 0: Then Ax + ^z and Xx+Jlz must be linearly independent in r c , i.e., Xj2 ^ Xp, (otherwise n x {q+aq) ^ 
r c ). Observe that (h, 0) q + aq and A ^ 0. A direct verification shows f = C-(h, Ax + pz) if A G iR and 
f = otherwise. But then f © aq is a subalgebra in contradiction to (V). 

v ± 0: Possibly after replacing z by \v\z we may assume \v\ = 1 in (12.9). Employing the definition of f 
in 9.5 .iv, a simple calculation shows 



that is, f is 1 -dimensional only if Imp = ±2. This proves the claim. □ 

12.11 Lemma. For the CR-algebra (g,q) in 12.8 the associated CR-germ (M,o) is CR-equivalent to 
(M, a), where M is the tube over the future light cone. 

Proof. We start by giving a particular representing manifold for the associated germ, compare Example 6.6 
in [19]. Let p, v be the constants occurring in 12.8 and consider the affine quadric Z :- SL(2, C) C C 2x ^, 
on which the group L := SL(2,C) x SL(2,C) acts holomorphically by z i-> gzh~ l for all (g, h) G L. 



(12.9) 



q = C-(h,Ax + ^iz)ffiC-(e, vz) with aq - C-(-h, Ax + ~pz) © C-(f, vz) 
and X,p,veC satisfying A = 2 if v ^ . 



(12.10) 




Tm(p) - ±2 
otherwise, 



Homogeneous Levi degenerate CR-manifolds 



41 



Then G := SL(2, R) x SL(2, R) is a real form of L. Via 

1 fO l\ 1 /l -1 

X: "l( 1 ())• Z: "l( 1 -1 1 ^ c 
(12.12) ) ' 

e:=U] l), h:^°-V f := ,(e) G *< 



2 \« -1/ ' ' °, 

we consider [ = s c x r c as a complex subalgebra of [ = s((2, C) x sl(2, C) and g as a subalgebra of g. 
We recall some basic facts, compare [19]: The polynomial function ip(z) := det(z + ~z) — 2 on Z is 
invariant under the action of the group G. Furthermore, the nonsingular part M of the algebraic subset 
S := ({±2}) is a (non-connected) hypersurface in Z, locally CR-equivalent to M. On the other hand, 
the singular part of S is a totally real submanifold of Z. Consider the point 

which actually is in S because of ip(o) - Im(/x). A direct computation shows that the isotropy subalgebra 
l of [ C I at o <G Z is C(h, 2x + //z) © C(e, vz) and that the isotropy subalgebra of g C g at o is trivial. This 
implies a <G M and also that the CR-algebra (g, q) is associated to the germ (M, o). Since M is locally 
CR-equivalent to the tube M over the future light cone the proof for 12.1 1 is complete. □ 



13. The case s = su(2) 

The status of our proof so far can be summarized as follows: For the CR-algebra (g, q) satisfying 
9.8 and g ss ^ the simple ideal s of g ss can only by isomorphic to b((2, R) or su(2), Furthermore, the case 
s = sl(2, R) only occurs if the associated CR-germ is equivalent to (M., o) with M being the light cone 
tube, and then g = s((2, R) x r with nonabelian 2-dimensional r. Consequently, only the situation needs 
to be investigated when g ss only contains simple ideals isomorphic to 5u(2). We assume this throughout 
this section and state as main lemma: 

13.1 Lemma. There is no simple factor of g ss isomorphic to su(2). 

The proof will be subdivided into several claims. Note that contrary to sl(2, R), the only non-trivial proper 
subalgebras of su(2) are 1-dimensional tori. As before let 5 be a fixed simple factor of g ss and denote by 
7r : g — > s the canonical projection. Then the image 7r(g ) must be a proper subalgebra since otherwise 
g' - 7r _1 (0) would violate (Vl)2- Our first observation is 

13.2 Claim. Forg and r := taD(g) only the following cases may occur 

q = su(2) x r, g = su(2) x su(2) or 
g = (su(2) x su(2)) x r with r ^ and g = (Rti x Rt 2 ) x (g n r) for tj € su(2) . 

Proof of the claim. Write g = (si © S2 © s") x r where $i,S2 = su(2), s" is the complementary ideal in 
g ss and ttj denotes the projection onto S\ or $2, respectively. Only one of the following possibilities could 
occur: 

• Tri(flo) - 0- Then Si © S2 is already a transitive subalgebra of g and s" - r = 0. 

• 7Ti(0 o ) ¥ ¥ 7T2(g )- Then either g = S\ © s 2 or g n (Si © s 2 ) = (g c D Si) © (g c n s 2 ) - Rti © Rt 2 for 
suitable nonzero ti , t 2 G su(2). In the latter case g Q n (s" x r) is of codimension 1 in s" x r. But then we 
conclude that s" - as there is no 1-codimensional subalgebras in su(2). □ 

For the proof of 13. 1 we only need to investigate the above three types of g. We repeatedly use the fact that 
each 1- or 2-dimensional representation of su(2) = so(3) is trivial and that each toral subalgebra t C su(2) 
acts irreducibly on su(2)/t. 

13.3 Claim, g = (su(2) x su(2)) x r implies r = 0. 
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Proof of the claim. Let tt\ , 112 be the projection onto the first and the second simple factor, respectively. 
As observed in the preceeding Claim, g Q = (ti x t2) x t G with r G := g Q Pi r and 1-dimensional toral 
subalgebras tj. Recall that we have the o -stable filtration g D ^ D 5 D g„. At least one of the images 
TTj($) coincides with Sj, say, for j - 2. Since tj acts irreducibly on s j/tj, it follows # = S2 x t . Since 
then Sj n 5 is at least 2-dimensional, the irreducibility of the action of ti implies Sj = s x S2 x r c . But this 
would imply [£),,£)] C Sj, contradicting (III). □ 

13.4 Claim, g f su(2) x su(2). 

Proof of the Claim. Suppose to the contrary that g - su(2) x su(2). Since 5 C g is a subalgebra of 
dimension 3 and there is no solvable subalgebra of this dimension, necessarily $ = su(2). Consequently, 
either # is one of the simple factors of g or J is the graph of an automorphism of su(2). Both possibilities 
lead to a contradiction: In the first case J is an ideal in g, contradicting (V), and in the second case # acts 
irreducibly on g/$, violating the existence of the ad(5)-stable proper subspace Sj/g C fl/#. □ 

The remaining case g = su(2) x r with r := tcri>(g) is the most involved. In this situation the projection of 
O under the canonical projection ir : g — > su(2) is of dimension < 1. As usual we denote the canonical 
projection [ — > sl(2, C) by the same symbol it. We investigate the various possibilities for the 7r-images of 
the Lie subalgebras l C f C q defined in (9.4). 

• 7r(l ) = 7r(f) = 7r(q). Since ir(l ) is a cr-stable torus, it would follow 7r(q + crq) = tt([ ). Counting 
dimensions, this cannot happen. 

• vr(l ) C 7r(f) = 7r(q). Here, we have to rule out the 2 possibilities dim ir(l ) < 1. 

If dim-7r([ ) = then tt($) is a 1-dimensional toral subalgebra in su(2), and consequently 7r(f) = n(af) = 
7r(q) = 7r(<rq) is 1-dimensional. This contradicts the fact that q + aq is a hyperplane in [. It remains the case 
when 7r(l ) is 1-dimensional. Then 7r(#) = s, and possibly after replacing s = su(2) by the Levi factor 
contained in ^ we may assume that s C By dimension reasons t„ := g„ fl t = 5 fl t Further, r Q is an 
ideal in $ and we have J = s x t G as well as Sj = s x with := Sj Pi r. Since dim — dim r D = 2, the 
ad-representation of s on *Sj/t is trivial, i.e., [5, tf,] C r Q . Since f = l Q © Cy for some y G s c = sl(2, C) 
and crq = erf © Cx for some x G r^, we would have [f, crq] = [[ © Cy, erf © Cx] C f + erf , in contradiction 
to(V). 

• 7r([ ) = 7r(f) C 7r(q). The possibility = 7r(f) can be excluded since otherwise J = r and f + <rf would 
be an ideal in [, contradicting condition (V). Next we deal with the case when ir(l ) - 7r(f) = 7r(<rf) is a 
(1-dimensional) toral subalgebra. By assumption b := 7r(q) is then 2-dimensional, i.e., a Borel subalgebra, 
which implies that b + erb = s c = sl(2, C), or equivalently ir(fi) = s. Counting dimensions, v$ := J PI r = 
Sj (~l r. Further, [r^, fj] C r n Sj - and since, due to condition (III), Sj generates g as a Lie algebra, we 
deduce that is an ideal in g. From 7r([ ) = 7r(f) follows that f = \ Q © Cr with r G r^. But this implies 
If, crq] = [lo © Cr, crq] C crq + C crq ffi f, violating (V). It remains one last possibility for the flag 
[ CfCqinl: 

13.5 Claim. If n(l ) C 7r(f) C 7r(q) then l - and g = su(2) x r with r := tcrt>(g) of dimension 2. 
Proof of the claim. The properness of the inclusions implies l Q n r c = f n r c = q (~l r c = crq n r c . Since 
q and crq generate I as a Lie algebra, it follows that l D n r c is an ideal in I, or equivalently g Q n r < g. By 
the effectivity assumption (Vl)i, we have g Q n r = 0. Consequently, since dim-7r([ ) < 1 the same estimate 
holds for dim [ . Next we show that the case 1 = dimR7r(g ) (= dim7r([ ) = dim l ) cannot happen: 
Assume on the contrary that vr(g ) = 1 . Then 7r(#) = s and, possibly after replacing the Levi factor s C g 
by a conjugate one, we may assume 5 C J. Counting dimensions yields then J = s = su(2). Since 
[$, Sj] C Sj by (II), we have a representation of s on But this yields the contradiction as dim^/^ = 2, 
compare (I), implies that this representation is trivial, i.e. [s, Sj] = [J, Sj] C violating (V). 

We have proved that the only possibility for g is su(2) x r with a 2-dimensional radical r. Since su(2) can 
act only trivially on such an r, the above semidirect product is in fact direct. This proves the claim. □ 

13.6 Claim. The case g = su(2) x r, dimr = 2, also cannot occur. 

Proof of the claim. We write ir = n s and ir t for the projections onto s c = sl(2, C) and r c , respectively. 
The proof analyses various possibilities for f C q. 
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If tt s ($) - then $ - r would be an ideal in g contradicting (V). It remains the case when tt s ($) as 
well as 7r s (f) is 1 -dimensional. In that situation necessarily 7r s (q) ^ ir s (f), and 7r(q) is a Borel subalgebra 
in sl(2,C). Further, 7r s (q) + a(ir s (b)) = $1(2, C) and 7r s (q) n TT s (ab) is a Cartan subalgebra of sl(2,C). 
Similar to the situation considered in 12.5 we also can choose here a standard triple e, f , h G s c with 
7r s (q) = Ch © Ce and cr(h) = — h, but now cr(e) = — f for the Cartan involution a. The radical r cannot 
be abelian: Otherwise, exactly as in the proof of Claim 12.7, we obtain a contradiction. In the remaining 
non-abelian case we proceed as in the proof of Claim 12.8 by investigating the various positions of q 
in I: The cases dimr c PI q > are easily ruled out (same argument as in the proof of 12.8, following 
(12.9)). Hence, we may assume that q and crq are given by the formula (12.9), except that now aq = 
C-(— h, Ax + Tiz) © C-(— f,Vz), i.e., the sign in front of f has changed. This slight difference is precisely 
the reason why in case v ^ 0, contrary to (12.10), the CR-germ (M,o) associated to (g,q) would be 
Levi nondegenerate, as shown by a simple computation. This contradicts our fundamental assumption and 
concludes the proof of the claim as well as the proof of Proposition 13.1. □ 

14. Reduction to the case where g is solvable and of dimension 5 

Striking the balance for the proof of Theorem II obtained so far, we have shown the following: 

Let (M, o) be an arbitrary locally homogeneous 2-nondegenerate CR-germ of dimension 5 and let (g, q) 
be an associated CR-algebra. If the Lie algebra g is not solvable then M is locally CR-equivalent at o G M 
to the tube M over the future light cone. 

For the rest of the proof we therefore assume that every CR-algebra (g, q) under consideration 
satisfies the fundamental assumption 9.8 and that g is solvable. As main result of this section we show 

14.1 Lemma. The solvable Lie algebra g has dimension 5, i.e., g Q = 0. 

The proof of this Lemma will be subdivided into several steps. Recall that by definition the nilradical g ml 
of g is the maximal nilpotent ideal in g. It is well-known that g ml contains the commutator subalgebra 
[g, g], and each element £ G g ml is ad-nilpotent in g. Similarly, we denote the (complex) nilradical of [ by 
pii w e re t a i n t ne notation from 9.4 and 9.5. 

14.2 Claim. g c g nil . 

Proof of the claim. Since [g, g] C g ni1 , the quotient g/g ml is abelian. Let it : g — > g/g ml be the projection. 
Assume that g Q <f_ g ml , i.e., 7r(g ) ^ 0. Select a subalgebra r C fl/g ml (possibly 0) which is a complement 
of 7r(g ). But then g' := 7r _1 (r) would violate (Vl)2. Consequently we necessarily have 7r(g ) = 0, i.e., 
g C g ml as claimed. □ 

14.3. Recall that for the CR-algebra (g, q) under consideration there exist flags l Q C f C q and l Q C 
erf C crq of subalgebras in [, as defined in 9.4. For the subsequent considerations we select the following 
elements in I: y G f \ l and x € q \ f , and write x := cr(x) and y := cr(y), for short. Then 

f = Cyffi[ , q = Cx©Cyffil , crf = Cyffil and crq = Cx © Cy © l . 

The inclusion [ Q C l ml is guaranteed by 14.2. Hence, l Q acts by ad-nilpotent endomorphisms on [. In 
particular, [[ , f] C l and [l Q , q] C f. The condition (III) means that [x,x] q + crq, and (V) is equivalent 
to [x,y] ^ f + crq. 

Let 3 C l ml be the center of the nilradical (which is nontrivial if I ^ 0), to which we refer as to the nilcenter 
of I. As for every characteristic ideal, we have cr([ ml ) = [ ml and a(i) = 3. 

14.4 Claim, (i) The nilcenter 3 of I is not contained in q + crq. 
(ii) [ Q - if dim 3 > 2. 

Proof, ad (i): Assume that (i) is not true and let x, y,x, y <G [be as in 14.3. Let ( := ax + ax + by + by + j , 
7o £ Qo, a, b G C, be an arbitrary element in 3 CT . Then [x, Q G 3 C q + crq since 3 is an ideal in I. On the 
other hand 

[x, ax + ax + by + by + j ] - a[x, x] + [x, by + by + j a ] = a[x, x] = mod q+crq , 
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which implies a = 0. This shows that 3 C (f+crf). Given then ( - by + by + j Q G 3 CT , the inclusion [x, £] C 3 
holds since 3 is an ideal. On the other hand 

[x, by + by + j Q ] = b[x, y] + [x, by + j a ] = b[x, y] = mod f+erq . 

Hence, b - as the consequence of the above equation and (V). But this cannot be true since then 3 C („ 
would be a nontrivial ideal of [, violating (VI) 1. 

ad (ii): Assume dim 3 > 2, i.e. 3 n (q+crq) ^ 0. Recall that l a C l ml by 14.2 and consequently [y, l Q ] C l a , 
[y, [ G ] C ( . Let an arbitrary ( := ax + ax + by + by + j G 3 CT n (q+crq) be given. Computing its bracket 
with [ we obtain: 

[C, U = a[x, [ ] + a[x, [ G ] = mod l Q . 

Either a = for all such Q, and then 3 n (q+crq) = 3 n (f+crf), or a ^ 0, and then [x, [ D ] C i Q D [x, In 
the latter case it follows that l a is an ideal in [ (due to 9.7. 1 1 1, x, y, x, y and [ D generate I as a Lie algebra), 
hence, l a = as claimed. The other possibility would be 3 n (q + crq) = 3 n (f + erf) and we show that this 
cannot happen: Given an arbitrary £ = by + by + 7 G G 3 " n (f + erf), note that 

[x,CJ G3n(q+aq) -3n(f+crf). 

More explicitly, [x , by + by + j a ] - b[x, y] + [x , by + 7J G 6[x, y] + crq. But then the above equation 
together with (V) would imply 6 = 0, i.e., 3 n (q+crq) = 3 n l a ^ 0. This is absurd, as 

[q + crq, 3 n U C 3 n (q+crq) = 3 n l 7^ 0, 

i.e., since q + crq generates I as a Lie algebra, 3 n l Q would be a nontrivial ideal in L □ 
In remains the case when the nilcenter is 1 -dimensional. 

14.5 Claim. Suppose dim 3 - 1. Then [ = 3 © (q+crq) and q q = l - 0. 

Proof. Since 3 <f_ q + crq by 14.4, the sum 3 + (q+<rq) is direct. Recall that the recursively defined subspaces 
C (( nil ) := 0, C fc := C fc (l nil ) := {u G [ nil : [u, l nil ] C C fc _i([ ni1 )} for every k > form the ascending 
central series of l ml . Clearly, 3 = C\ and cr(Cfc) = Ck for all k. Either 3 = C\ = C2 - l ml and consequently 
l - (due to (Vl)i l Q must be a proper subalgebra of the 1-dimensional algebra [ ml ) or C\ ^ Ci- In 
the latter case C2 n (q + aq) ^ 0. Let rj = ax + ax + by + by + j G C% n (q + crq) be arbitrary. Since 
[?7, t G ] C 3 n (q+crq) = 0, we have 

[77, U = a[x, l ] + a[x, [ ] = mod \ Q . 

If a 7^ then [x, [ Q ], [x, l Q ] C l and l Q is an ideal in [, i.e., l Q - by (Vl)i . If a = for every choice of 
77 G H (q+crq) as above, then C2 PI (q+crq) = C2 H (f+crf). This possibility can be ruled out as follows: 
For a nonzero i] - by + by + 7 Q G n (f+crf) we have [rj, x] G (q+crq) (IC2 - (f+crf) Pi C2, i.e., 

[fey + by + j , x] = 6[y, x] + ([by + 7o , x]) = mod (f+crf) , 

which is only possible if b - 0. This would imply (q+crq) n C2 - l H C2. On the other hand, the identity 
(q+crq) n C2 - l (~l C2 implies that l Q n C2 is an ideal of [. The effectivity of (g, q) forces then [ Q n C2 = 0, 
contradicting (q+crq) n C2 ^ 0. This completes the proof of 14.5 and, together with 14.2, 14.4 also the 
proof of Lemma 14. 1. □ 

15. The existence of a 3-dimensional abelian ideal in q suffices 

The proof of Theorem II has brought us to the point where we may and do henceforth assume that 
the Lie algebra in the CR-algebra (0, q) satisfying 9.8 is solvable. The subalgebra q C I = g © ig then 
necessarily is of complex dimension 2. 
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The main result 15.14 of this section states that the CR-germ associated to (g, q) is represented by 
the tube F + iR 3 over an affinely homogeneous surface F C R 3 if g is isomorphic to a semidirect product 
h ix t with t) being a 2-dimensional Lie subalgebra and r = R 3 being an abelian ideal. Once this Main 
Lemma is proved, our proof of the classification theorem will be complete as soon as we can show that 
every 5-dimensional solvable Lie algebra g occurring in (g, q) indeed is isomorphic to a semidirect product 
as above. This will be achieved in the final section 16. In this section we only prove the partial result that 
if q is abelian, then also the commutator [g,g] is abelian and 3-dimensional. Moreover, there exists an 
abelian subalgebra h C g such that g = fj x [g, g]. 

Since there is no general structure theory for solvable Lie algebras, we develop ad hoc methods 
and describe the structure constants in [ = g c with respect to a particularly chosen basis. Every CR- 
algebra (g, q) under consideration gives rise to the 1 -dimensional subalgebras f and erf of the 2-dimensional 
subalgebras q and aq, respectively. We construct a basis of [ which reflects the conditions (l)-(V) and 
investigate the various possibilities for the values of the corresponding structure constants. Select a non- 
zero z G i~ a \ (q + aq) (this is possible due to Claim 14.5) and an x G q \ f such that for x := ax the 
congruence [x,x] = z mod q + aq holds (this is possible due to (III)). By (V) it is further possible to 
select y G f \ l a such that for y := ay the structure equations of I are of the following form (in particular, 
the coefficient in front of x in the second equation is 62 = 1): 

[x,x] = z + aix — aix + a2y — a2y 

[x,y] = bix + x + 63 y + b A y 

(15.1) [y,y] - cy - cy 

[y,x] = dix + d 2 y 

[z, 77] G 3(l ml ) for every 77 G [ . 

The brackets [y,x] and [y,x] are completely determined by the above 5 equations due to the fact that 
a : [ — > ( is an antilinear Lie algebra automorphism. Of course, not for all values of the constants the 
above identities give rise to a Lie algebra. In fact the above structure constants a\, ... ,d 2 , are subject to 
further constraints, imposed by (1) the Jacobi identity, (2) our assumption that I is solvable and, (3) our 
assumption z G 3(l ml ). 

Conversely, let a 5-dimensional solvable complex Lie algebra I = Cz © Cx © Cx © Cy © Cy be given with 
structure equations as in (15.1) (together with [x, y] = x + bi~x + t>4y + b^y and [y, x] = d\x + c^y) for 
certain a\, .. , d 2 G C and z£j" ff , where 3 is the nilcenter of I. Define 

g :=Riz©R(x + x)©R(?;x-ix)ffiR(y + y)ffiR(iy-iy) and q:=Cx©Cy. 

Then the CR-algebra (g, q) satisfies the fundamental assumption 9.8. 

As already mentioned, besides the geometrically motivated conditions 9.7, which already are in- 
corporated in (15.1), further conditions affect the particular values of the structure constants, for example 
those given by the Jacobi identity. We use [[6,6,611 := [[6,61,61 + [[6,61,61 + [[6,61,61 as 
shorthand. The identity [[x, y, y]] = implies 

(15.2) |c| = 1, di=c-bi and c&iGR. 

15.3 Remark. From c ^ 0, i.e., [y, y] ^ 0, follows that the solvable subalgebra f + erf, and in turn I, cannot 
be nilpotent. 

Keeping in mind the identities (15.2) it is possible to readjust the basis x, ... , z of I as follows: Write 
c - e 2 for the coefficient c in the third equation of (15.1) and replace x by ex as well as y by cy. After this 
replacement the structure equations (15.1) keep their form, only c changes to c = 1 and 61 becomes real. 

Notational agreement: For the rest of this section we use a, j3, 7 and 5 to denote real numbers, while 
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Oj , bj , cj and stand for complex numbers. In particular, we write f3\ :-b\ to underline that the structure 
constant bi is real. 

The Jacobi identity [[x, y, y]] = implies further relations between the coefficients in the structure equa- 
tions (15.1): 

c= 1, Pi := &i G R 

(15.4) 

di = l-/9i, 63 - <fa = 64C9i - 1) , -/9i(&3 + <fe) = &4 - &4 ■ 

15.5 Perfect basis.. Summarizing, there exists a basis z,x,x, y,y (x := <r(x), y := er(y)) of I = q c with 
z 6 3"" \ (q©crq) and q = Cx © Cy, f = Cy such that the corresponding structure constants in (15.1) 
satisfy (15.4). We call each such basis perfect. 

There are still more constraints for the structure constants given by the Jacobi identity for further 
triples of elements and also by the fact that 3 is in the center of l ml . Later on, we characterize these 
additional conditions more explicitly. For now, we elaborate the particular structure of the nilcenter: 

15.6 Lemma. The nilcenter 3 C g has dimension 1 or 3. 

Proof. We closely analyze the conditions in 9.7 in order to get the dimension estimates. It is clear that 
1 < dim 3 < 4, see Remark 15.3. Assume dim 3 = 4. Then dim 3 n (q © crq) = 3 follows by Lemma 14.4. 
But since f + erf is not abelian, i.e., dim 3 n (f © erf) = 1 , there exist elements in 3 of the form x + rj\ , x + 772 
with rjj G f + erf. This leads to a contradiction: Indeed, on the one side [x + 7/1 , x + 772] = 0, and on the other 
side (V) implies [x + 771 , x + 772] = [x,x] ^ mod q + crq. Hence, we have proved that 1 < dim 3 < 3. 

The main difficulty is to rule out the possibility dim 3 = 2. Select a perfect basis in I as described in 15.5 
keeping in mind (15.1) and (15.4). We have to deal with 2 subcases. 

15.7 Claim. If [x, y] ^ 0, i.e., q is not abelian, then dim 3 = 1. 

Proof of the claim. We first show that 3 n(q ©crq) = 3 n(f©crf). Select an arbitrary z' := Ax+Ax+//y+/Jy G 
1° fl (q © crq). We have to investigate the 2 possibilities '[3\ ^ V and l [3\ - 1': In the first case we get 

[z', (1 - Pi)x + <i 2 y] = A(l - /?i)[x, x] = mod q + crq 

since [y, x] G l ml . ThereforeA = by the condition (III), i.e., z' G f + <jf . If (3\ - 1 , i.e, d\ = 0, then by our 
assumption cfc ^ 0, and in turn y G [ ml . Hence, [z', y] = A[x, y] = mod f + erf, which, together with 
(V) also forces A = 0. This proves 3 n (q © crq) = 3 n (f © erf). 

We claim that this identity can only h old if both sides vanish, i.e., dim 3 = 1 by Lemma 14.4.i: Assuming 
to the contrary that 3 n (q © crq) 7^ 0, then on the one hand there exists z' = /jy + ~py G 3 n (f © erf) with 
H ^ 0. On the other hand, [x, z'] = [x, /jy + /2y] G 3 (~l (q © crq) = 3 n (f © erf) which in view of (V) is only 
possible if \i = 0. This shows dim 3 = 1. 

It remains to rule out the second subcase: 

15.8 Claim. If [y,x] = , i.e., q is abelian, then the commutator [I, I] is a 3-dimensional abelian ideal. 
Further, if dim 3 > 2 then [[, I] = l ml and consequently 3 = [I, I] is 3-dimensional. 

Proof of the lemma. This is the most involved case. The assumption [y, x] = 0, i.e, d\ - d,2 - implies 
Pi - 1, 63 = and 64 := G R, see the table below: 

[x, x] = z + aix — aix + a2y — a2y 
[x,y] = x + x + /3 4 y 

(15.9) [y,y] = y - y 

[y,x] - 

[z, 77] = c v z + q„ 77 G 1, G 3 n (q © crq) . 



We need to analyze the relations between the structure constants in more detail. Let 
q x — z\x + zjx + Z3y + and q y = w\x + w^x + w^y + w4y. 
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The fact that the commute with all elements of [I, I] C ( ml (and in particular with y — y) implies 

z\ - Z2, wi = W2 and za, - z\(3a, — Z3, W4 = wify — W3. The Jacobi identity [[x,x, y]] - yields 

(15.10) Wj = 0, c y = 1, i.e., [z,y] = [z,y] = z, ai - ia u 
for some a\ , 0*2 G R, and [[x, y, z]] = implies 

(15.11) lmzi=0, Rez3-zi/3 4 /2 and Rec x = -fa/l ■ 
Summarizing, 

(15.12) [t,q=Cz e C(x + x+ ^y+ ^y) © C(y - y) , 

and, using the above relations between the structure constants, a simple check shows that this ideal is 
abelian. Moreover, the subset 

(15.13) fj :=Ri(x-x+ ^y- ^y) R(y + y) 
is an abelian subalgebra of g (and g = f) © [g, g]; in fact g = f) x [g, g]). 

It should be noted that the nilcenter 3 may be 1 -dimensional, and then l ml properly contains [I, []. 

We next show that the situation 'dim 3 = 2' does not occur: Assume to the contrary that dim 3 = 2. Then 
3 n (q © crq) is nonzero. Let z' := Ax + Ax + fiy + Jly G 3°" fl (q © <rq) be arbitrary. Either, for all such z' the 
coefficient A is 0, i.e., 3f~l(q©<7q) = 3n(ffficrf), and then this case can be ruled out by a similar argument as 
in the proof of the above claim. Or, there exists z' with A 7^ 0. In such a situation the identity [z', y — y] = 
implies A € R* and without loss of generality we may suppose z' = x + x + z^y + z^y for some 23 € C. 
The condition [z, z'] = gives Re 23 = P4/2. But then z' = (x + x + /?4/2<y + y)) + ilmz 3 -(y — y ) € [I, I], 
compare (15.12). We claim, that in the situation under consideration, l ml = [I, []. To prove this, we simply 
compute the ad-action of y + y and x — x on [[, []. Since [x — x,z'] € Cz©Cz', the relation 01 + 4(Imz3) 2 = 
4ailmz3 + 4«2 must also be fulfilled. Once again, a simple computation yields 

ad(y + y)| [[ [] - -2- id, [x - x, z'] = 2z + 2i(a\ - Im z 3 )z' . 

The above identities show that for every v := ui-(x — x) + U2(y + y) + U377, uj G C, rf € [I, [], the 
condition [v, z'] = implies u\ - U2 = 0, i.e., the centralizer C[(z') coincides with [[, I]. This proves 
[I, I] - l nil - C[(zO. But this is absurd, since then the nilcenter 3 would coincide with the 3-dimensional 
abelian ideal [I, I], contrary to our assumption 'dim 3 = 2'. 

Finally, we need to investigate the case dim 3 - 3. We claim that 3 = [[,[] = P u : To see this, it enough 
to show that l ml is 3-dimensional, as, due to (15.12), [I, [] is 3-dimensional, too. As already mentioned 
(see the sentence following (15.2)) l ml can be at most 4-dimensional. But the 4-dimensional case can be 
excluded, otherwise [ ml = 3 © Cn for n £ l ml \ [[, [] which would imply that l ml is abelian. Hence the 
nilradical is 3-dimensional. This proves 15.8 and Lemma 15.6. □ 

The next statement is one of the key points in our classification of 5-dimensional 2-nondegenerate 
homogeneous CR-germs. Before stating it we first fix some notation. Given a vector space V, write aff(V) 
for the Lie algebra consisting of affine maps of V. This Lie algebra (as well as the corresponding Lie group 
Afi(V)) has the natural semidirect product structure: aff(V) = V x qI(V) (with qI(V) = {X G aff(V) : 
X(0) = 0}). Let 7r : aff(V) — > Ql(V) be the projection homomorphism. We use similar notation on the 
Lie group level and write, for instance, it : Aff(V) = V x GL(V) — > GL(V) for the corresponding group 
homomorphism. Sometimes we simply write ip ha :- 7r(ip) for the linear part of an element in aff(V) or 
AS(V). 



CL2 = OL2 + -ai/?4 , 
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15.14 Main Lemma. Let (g, q) be a CR-algebm satisfying the fundamental assumption 9.8 and let q 
be solvable and of dimension 5. Suppose that there exists a 3-dimensional abelian ideal o C Q and a 
2-dimensional subalgebra t) C g with f) n = {0}. Then the associated CR-germ (M, o) is locally CR- 
equivalent to a tube F x iR 3 C C 3 , where FcR 3 is an afhnely homogeneous surface. 

The proof is divided in several steps which give more precise (but also more technical) information con- 
cerning the structure of the Lie groups corresponding to q, [ and q and a realization of the CR-germ (M, o): 

15.15 Claim. The adjoint representation ad : t) — > 0l(t>) is faithful. Consequently, identifying f) with the 
subalgebra ad(h) C fll(D), the Lie algebras q and I can be realized as Lie subalgebras of afRne transforma- 
tions: = oxh = tjx ad(h) C aff(t>) = aff(R 3 ) and [-oS[) c c aff(o c ) S aff(C 3 ). 

Proof of the claim. Let n C h be the kernel of the adjoint representation ad : f) — > gl(0). The case 
dim n = 1 can be excluded, otherwise n © = g ml = 3 would be 4-dimensional, contradicting Lemma 
15.6. The case dimn = 2 can be also excluded: Otherwise q - t) x fj would be abelian or contain a 
4-dimensional abelian nilradical which in both cases would contradict (III) - (V). □ 

Write V = R 3 for a vector group with Lie algebra t> and E :- V c for its complexification. Let 
Hql C GL(V) and H^ L C GL(E) be the Lie subgroups, corresponding to the Lie algebras ad(h) 
and ad(f) c ), respectively. Since GL(V) = GL(3,R) contains no compact torus of dimension > 2, each 
subgroup, in particular Hqi,, is closed. This is in general not true for the complex subgroup Hq L . Let H € 
be the simply connected Lie group with Lie algebra h c , pr : H c — ► Hq L C GL(D C ) the homomorphism 
induced by ad : h c — > ad(h c ) C fl[(o C ) and L := F c x H c . For simplicity, for each h G we also 
write h hn C GL(E') instead of tt(K). Let G^Fxiff Clbe the real form. Since every 2-dimensional Lie 
algebra is solvable, we deduce that also [ = D c x h c (as well as q, L and G) is solvable. 

15.16 Claim. Let Q C L be the subgroup corresponding to the Lie subalgebra q C I. Then Q is closed 
and Q n V c - {e}. Hence L - V € x Q is a semidirect product. 

Proof of the claim. Let tt : I — > h c be the projection homomorphism. Our first observation is that 
= f) C : The case 4 7r(q) = 0' can clearly be excluded as in such a situation q C u c , and in turn 
q + crq C D c , which is absurd. 

The possibility dim 7r(q) = 1 can be ruled out as follows: We may assume that 7r(q © <rq) = h c (otherwise 
q © uq would be a subalgebra). Either 7r(f) = 0, i.e., q n C = f, and in turn (q © <rq) n t> c - f © erf: This 
leads to a contradiction since then [5, ft] C fiPiV = violating (V). Or, 7r(f) = 7r(q). But then q = f © Cx 
with a nonzero x G q n D c , and in turn [q, crq] C q © crq, contradicting (III). Summarizing, 7r(q) = f) c . 
On the group level, since L is simply connected and solvable, every connected subgroup is closed. The 
restriction of tt to Q induces a surjective homomorphism Q —>■ H c . Since both groups are 2-dimensional, 
this homomorphism is a covering. Our assumption that H c is simply connected finally implies that n\ Q : 
Q — > H c is an isomorphism. In particular Q n V c = Q PI ker n - {e}. □ 

15.17 Claim. With respect to the identification Z := L/Q - V € = C 3 the real form G acts on L/Q by 
affine transformations and V C G by translations. 

Proof of the claim. The existence of the decomposition L - V c x Q implies that there are well-defined 
functions v. L -> V € , q: L -> Q such that I = v(£)-q(£) for every £ £ L. Let g - wh G V x iJ = G (with 
to G V, /i G i?) be arbitrary. Then, for any z G y c we have 

g-zQ - w-h-zQ = w-v(h)-q(h)-zQ = w-v(h)-(q(h)-z-q(h)~ 1 )Q 

and q(h)-z-q(h)~ l - v{h)~ l h-z-h~ l v{h) = h} m {z). Hence, with respect to the identification V c = L/Q 
(induced by the inclusion V c L such that corresponds to the point eQ G L/Q), the action of G can 
written as follows: 

(15.18) g • z = h hn (z) + v(h) + w g = wh€L, z G V c . 

In particular, the subgroup V C G acts by translations z <—> z + w. □ 

Consequently M :- G - VH -0 = V + FcV®iV with F := M n iF. It should be noted, however, 
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that in general F := (G ■ 0) n iV ^ H ■ 0. Nevertheless, as we shortly will see, F is affinely homogeneous 
under a slightly different subgroup of AfT(iV). Clearly, multiplying a tube manifold F + iV C V © iV, 
F C V, by the imaginary unit % we get the CR-equivalent realization V+iF - V+F' with F' = iF C iV". 
The latter form of a tube manifold is more suitable in our particular setup, and we keep this notation until 
the end of the proof of the Main Lemma. 

15.19 Claim. Retaining the previous notation, there exists a subgroup B C iV'A GL(iV) = AS(iV) such 
thatF := (G -0)niV = B -0. 

Proof of the claim. Let pr l : V © iV — > iV be the linear projection. A glance at (15.18) shows that 
F = px l {v(h) : h € H}. In order to determine v(h) more explicitly we need to analyze the position of Q 
in V c xi H c in greater detail: Since f) is 2-dimensional, there exists a basis s, n G f) such that [s, n] = en 
with e € {0, 1}. Recall that the projection map tt : q — > f) c is an isomorphism. Consequently there exist 
w s ,w n € D c = y c such that the elements w s + s and w n + n in I - V c © f) c generate q. Since then 
crq = C(w s + s) © C(w n + n), we must have w s ^ w s and w n ^ w n (otherwise q n crq ^ 0). Let exp : [ — > L 
and Exp : ad(h c ) — > GL(y c ) be the exponential maps (i.e., Exp(adv) = 7r(expv) with ir as in the 
paragraph preceeding 15.14). Furthermore, let *P be the entire function defined by 



z ^ (k + 



OO JU 

(fc+1)! 



fc=0 

Then for S* := *F(£ ad(s)) and N" := T(u ad(n)) a simple computation shows: 

i7 = {exp(ts)- exp(un) : t, u € R} 

<5 = {exp i(w s + s) • exp u(w n + n) : t, u £ €} 

= {S*(tw s )- exp(ts) • N u (nw n )- exp(un) : t, u G C} 

= {(S*(*w s )- Exp(i ad(s)) (N u (nw n ))) • exp(ts)- exp(un) :t,ueC} C V € ■ H c = L . 
The explicit form of v(/i) (compare the proof of Claim 15.17) can be read off the last line in (15.20): 

v(h) = v (exp(ts) exp(nn)) = (S*(iw s )) _1 • (Exp(iad(s))(N u (nw n ))) _1 . 
Since ad(s), N" and S* are real operators, it follows for h - exp(is) • exp(un) as before: 

pr>(/i)) - (S t (tw s ))" 1 -(Exp(tad(s))(N"(nw n )))" 1 
= exp t(-w* + s)- exp it(— w* + n) • C . 

(Using additive notation, pr l (v(/i)) = — S*(tw*) - Exp(t ad(s)) (N u (uw l n )) C iV). Define 

b := R(-w* + s) © R(-w l n + n) c I - V c xi h c 

and check that this is a Lie algebra. Then B := expR(— w* + s)- expR(— w* + n) is the subgroup of L 
with Lie algebra b, and (15.21) shows that F - pr*{f(/i) : h <G H} -B 0. This finishes the proof of the 
claim and of the Main Lemma. □ 



16. The final steps 

Our final step toward the complete classification of all 5-dimensional 2-nondegenerate and homoge- 
neous CR-germs is to deduce that each 5-dimensional solvable Lie algebra q which occurs in a CR-algebra 
(g, q) subject to 9.8, also satisfies the assumptions of the preceeding Main Lemma 15.14: 

16.1 Lemma. Let (q, q) be a CR-algebra satisfying 9.8 and suppose that g is solvable and of dimension 5. 
Then there exists a semidirect product decomposition g - o x fj with a 3-dimensional abelian ideal t> C 
and a 2-dimensional subalgebra h. 
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Proof. We have already observed in Lemma 15.6 that the nilcenter 3 has dimension 1 or 3. If dim 3 = 3 
then, due to (15.7), we can apply 15.8: Consequently, we can choose = [g,g] (compare (15.12)) and f) 
as defined in (15.13). 

The situation dim 3 = 1 requires some more elaborated work. We classify all CR-algebras (g, q) under 
consideration in terms of the corresponding structure equations with respect to some perfect basis x, ... , z 
of [ (see 15.5): Given (g, q), let the corresponding structure equations be as in (15.1), taking into account 
(15.4). To handle the various sets of relations between the structure constants, we divide the class of 
CR-algebras under consideration into the subclasses A, B and C, see below. 

Case A: /3i ^ ±1. In this situation it is possible to assume a\ - (simply replace x by x + Ay with 
A - u + iv defined by u := Reai/(i _ ft) and v := Imai/(1 + ft)). The structure equations then read 

[x, x] - z + + a 2 y - a2Y 

[x,y] = ftx + x + 6 3 y + b 4 y 

(16.2) [y,y] = y - y 

[y, x] = (1 - ft)x + d 2 y d 2 = 63 + (1 - Pi)b 4 

[z, 77] = c v z for every 77 G [ , 

and we now work out further constraints imposed on the constants: An explicit evaluation of the Jacobi 
identity [[x,x, y]] = yields c y = Cy = 2ft — 1. Furthermore, we obtain the equations 63(1 + ft) - 
b A ((5\ - ft) and 6 3 (1 + ft) = (b 4 - 6 4 )(A - 1) which imply 6 4 (1 - Pi) = h- 

In order to investigate most conveniently further relations between the structure constants, we deal sepa- 
rately with the following 3 subcases: 

AI: 64 G iW and ft = 2, All: b 4 e R* and ft - 0, AIII: b 4 = 0. 

Ad AI: Put ft := — ib 4 . In this particular situation the identity [[x, x, y]] = implies 63 = — |ift, 
02 = — \0l an d [[ x ; [) ]]j/l z - implies c x = — ift. There are no more conditions imposed by the Jacobi 
identity and the structure equations of t are now 

[x, x] - z + - 27 2 y + 27 2 y 

[x, y] = 2x + x — 2i7y + 3?7y 

(16.3) [y,y] = y - y 
[y,x] = -x - ?7y 

[z,x] = -3i7z [z,y] = -3z , 

where 7 := ft/3 G R*. Keeping in mind Lemma 15.14, the structure of I, g and the position of q is 
determined by (16.3). This can be seen more clearly by decomposing and I into the eigenspaces of 
ad(s), where s := — (y + y/2 : Define the following elements n, vi , V2, V3 from g : 

= ix — ix — 7y — 77 



- -y — -y 

= x + x — 2?7y + 2ijy 
= 2iz . 



n 

vi 

v 2 

V3 

It is clear that s, n, vi , V2, V3 form a basis of g. The bracket relations are: 

[s,v fc ] = fcv fc , [s, n] = n, [n,vi] = v 2 , [n,v 2 ] = v 3 , [n,v 3 ] = 0. 

Further, u := Rvi © Rv 2 © Rv 3 = R 3 is an abelian ideal in g with [g, g] - g nil - Rn © tx Hence, has 
the structure of the semidirect product x fj with f) = Rs © Rn and the Main Lemma applies. 
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Remark. A direct verification shows that for every 7 € R* (0, q) in (16.3) is associated to Example 8.5. 
We show that in the next case the Lie algebra cannot be solvable, hence, this case can be discarded. 
Ad All: Write /Jj := 64. The Jacobi identity implies a 2 = = 63 and <i 2 = p4, and (15.9) reads 

[x,x] = z 

[x,y] = x + p 4 y 

(16.4) [y,y] = y- y 

[y,x] = x + /3 4 y 

[z,x] = /3 4 z [z,y] = -z . 

But then the linear span of the vectors 

e + :=y-y, h := - -J- (x + x + (J3 4 - l)y + (04 + l)y), 

e" := (2z + (2 - 2/? 4 )x + (2 + 2/3 4 )x - (1 - /? 4 ) 2 y + (1 + /3 4 ) 2 y) 
4p 4 

is a copy of sl(2, C) in I, that is, I is not solvable. 

Ad AIII:. The condition b\ = together with the Jacobi identity [[x, x, y]] = implies a 2 = 63 = and 
c y = 2(3i — 1. Since (1 — f3\) ^ 0, the identity [z, [y, x]] = implies [z, x] = 0, see the table below. 

[x,x] = z 

[x,y] = /3ix + x 

(16.5) [y,y] = y- y 

[y,x] - (l-A)x 

[z,x] =0 , [z,y] = (2A -l)z. 



Select the following basis of g: 



vi 

v 2 

V3 



- iy — iy 

= x + x 
= iz . 



One checks immediately that t> := Rvi © Rv 2 © RV3 is an abelian ideal and f) := Rs © Rn is a subalgebra 
with [s, n] - n. Further, 

[s, Vj ] = 2 ~ j * (j _~ m v j for j = 1,2,3 and [n, Vl ] = v 2 , [n,v 2 ] = v 3 , [n,v 3 ] = 0. 

Hence, = u x h as claimed, and the Main Lemma applies. Also in this case for all (3\ ^ ±1 the CR- 
algebra (g, q) is associated to Example 8.5. 

It remains to discuss the cases /3i = ± 1 . 

Case B: /3i = 1. Plugging f3\ into (15.4) gives d 2 = &3 and cZj = 0. A direct check shows that [[x, x, y]] = 
implies = 63 = d 2 , i.e., [x, y] = 0. Lemma 15.8 then gives that is isomorphic to the semidirect product 
d xi t) with u = [0, 0] and the abelian subalgebra f) as defined in (15.13). 

Case C: /3i = -1. We proceed as in the preceeding cases. Starting from the structure equations (15.1) 
with respect to some perfect basis x, x, y, y , z , we first evaluate (15.4) for this particular value of (3\ . We 
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get d\ -2 and d 2 = 63 + 264. Next, the Jacobi identity [[x,x, y]] = implies 64 := fa G R and a\ - fa. 
Further, [[x, y,y]] = implies 63 = — fa + ij, 7 € R. Next, [[x, x, y]] = determines the value of a 2 : 
0-2 = 001 + 7 2 )/4 — ifa-f/2. Finally [[x, y, z]] = implies [z, x] = Qfaji — ^1/2)2., see diagram below: 



[x, x] = z + fax - fax + a 2 y - a 2 y 

[x, y] = - x + x + 6 3 y + fay 

(16.6) [ y ,y] = y - y 

[y,x] = 2x — &4y 

[z,x] = (3fa/ 2 - 3i 7 / 2 )z [z,y] = -3z . 

Select the following basis of g: 



a 2 = (3/3 4 2 + 7 2 )/ 4 - i 7 /3 4 / 2 
63 = -fa + *7 



vi 

v 2 

V3 



= 2ix — 2ix — z&3Y + i^3y 



s := 



:(y + y) 



2 Y 



1 _ 
2 Y 



= 2x + 2x 
= 4iz . 



6 3 y - hy 



A direct computation (using (16.6)) shows that := Rvi © Rv 2 © RV3 is an abelian ideal and 
[s, n] = n, 



113 
[s,vi] = --vi, [s,v 2 ]=-v 2 , [s,v 3 ]=-v 3 , 



[n,vi] = v 2 , 



[n,v 2 ] = v 3 , [n,v 3 ] = . 



Again, this shows that is isomorphic to the semidirect product x f) with t) = Rn © Rs. Actually, an 
explicit realization of the corresponding CR-manifold M along the lines of proof of the Main Lemma 
shows that (g, q) is associated to the tube over the future light cone. □ 

We close by stating that Lemma 15.14 together with Lemma 16.1 finishes the proof of the classifi- 
cation theorem. 
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